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1. SYMMETRIC POLYNOMIALS ON REARRANGEMENT-INVARIANT FUNCTION SPACES

Let X, Y be Banach spaces over the field K of real or complex numbers. A mapping P : X —
Y is called an n-homogeneous polynomial if there exists a symmetric n-linear mapping A : X" — Y
such that forallx € X P(x) = A(x,...,x).

A polynomial of degree n on X is a finite sum of k-homogeneous polynomials, k =0, ..., n. Let
us denote by P ("X, Y) the space of all n-homogeneous continuous polynomials P : X — Y and
by P(X,Y) the space of all continuous polynomials.

It is well known ([13], XI §52) that for n < co any symmetric polynomial on C" is uniquely
representable as a polynomial in the elementary symmetric polynomials (G;)" ,, G;(x) =
Zk1<--~<ki Xy + v X

Symmetric polynomials on £, and L,[0,1] for 1 < p < oo were first studied by Nemirovski
and Semenov in [16]. In [11] Gonzélez, Gonzalo and Jaramillo investigated algebraic bases of
various algebras of symmetric polynomials on so called rearrangement-invariant function
spaces, that is spaces with some symmetric structure. Up to some inessential normalisation,
the study of rearrangement-invariant function spaces is reduced to the study of the following
three cases:

1. I = N and the mass of every point is one;

2. I = [0, 1] with the usual Lebesgue measure;



24 L.V.Chernega

3. I = [0, 00) with the usual Lebesgue measure.

We shall say that ¢ is an automorphism of I, if it ia a bijection of I, so that both ¢ and ¢~ ! are
measurable and both preserve measure. We denote by G(I) the group of all automorphisms of
I.1f X(I) is a rearrangement-invariant function space on I and f € X(I), then f is a real-valued
measurable function on I and f oo € X(I) for all o € X(I). Also, there is an equivalent norm
on X(I) verifying that

Ifool = Ifl

forallc € G(I) and all f € X(I). We always consider X(I) endowed with this norm.
Following [16], we say that a polynomial P on X(I) is symmetric if

P(f o) = P(f)
forallo € G(I) and all f € X(I).
In the same way, if Gy is a subgroup of G(I), a polynomial is said to be Gy-invariant if P(f) =
P(foor)forallo € Gpand all f € X(I).
Let X(I) be a rearrangement-invariant function space on I and consider the set
J(X)={reN:X(I) C L,(I)}.
Note that if J(X) # we can consider, for each r € J(X), the polynomials

R(f)= [ f.
These are well-defined symmetric polynomials on X (I) and we will call them the elementary

symmetric polynomials on X (I).

1.1. SYMMETRIC POLYNOMIALS ON SPACES WITH A SYMMETRIC BASIS

Let X = X(N) be a Banach space with a symmetric basis {e,}. A polynomial P on X is
symmetric if for every permutation o € G(N)

P(ii{aiei) = P(éaieg(,—))

We consider the finite group G, (N) of permutations of {1, ..., n} and the o-finite group Go(N) =
UnGn(N) as subgroups of G(N). By continuity, a polynomial is symmetric if and only if it is
Go(N)-invariant. Indeed, if P is Gy(N)-invariant and ¢ € G(N),

P(gaiei) = J%P(ﬁilaiei) = Ji_r}r;oP(iéaiea(iO = P(iéaieo(i))

Recall that a sequence {x,} is said to have a lower p-estimate for some p > 1, if there is a
constant C > 0 such that

n

C( Z |az‘|p)1/p < H iaixi
iz

i=1

forallay,...,a, € R.
Note that X C ¢, if and only if the basis has a lower r-estimate, and therefore we have in this
case
J(X)={reN:{e,} hasalower r-estimate}.

Now we define

no(X) = inf J(X),
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where we understand that the infimum of the empty set is co. The elementary symmetric poly-
nomials are then

.
a;

P, ( g ﬂi€i> = ,

i=1
where r > ny(X).

Theorem 1.1. [11] Let X be a Banach space with a symmetric basis e, let P be a symmetric polynomial
on X and consider k = deg P and N = ny(X).

1. Ifk < N, then P = 0.

2. If k > N, then there exists a real polynomial q of several real variables such that

P<iaiei) = q(ia?’,...,ia;‘)
i=1 i=1 i=1

for every Y i 1 aje; € X.

1.2. SYMMETRIC POLYNOMIALS ON X|0,1] AND X]0, o)

Let X[0, 1] be a separable rearrangement-invariant function space on [0, 1]. Note that the set
J (X) is never empty since we always have X|[0,1] C L]0, 1].
We define

Neo(X) = sup{r € N: X[0,1] C L,[0,1]}.

Therefore the elementary symmetric polynomials on X|0, 1] are

1
R(H= [ f
0
for each integer r < nq(X).

Theorem 1.2. [11] Let X[0,1] be a separable rearrangement-invariant function space on [0,1] and
consider the index ne(X) as above. Let P be a Gy|0, 1]-invariant polynomial on X|0,1] and let k =
deg P. Then there exists a real polynomial q in several real variables such that

ey =a( [ S [ 1)
forall f € X, where m = min{ne(X), k}.

Theorem 1.3. [11] Let X[0, c0) be a separable rearrangement-invariant function space, let P be a Go-
invariant polynomial on X[0, c0) and consider k = deg P. Let ng and ne, be defined as above.

1. If either ng > neo, 0r k < ny < oo, then P = 0.

2. If ng < neo and ny < k, then there is a real polynomial q in several real variables such that

P =a( [ o [ F7),

where m = min{ne, k}.
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2. UNIFORM ALGEBRAS OF SYMMETRIC HOLOMORPHIC FUNCTIONS

Let X be a Banach sequence space with a symmetric norm, that is, for all permutations ¢ :
N — N, and x = (x;) € Balso (x,(1),--+,Xs(n),---) € B, where B is an open unit ball.

A holomorphic function f : B — C is called symmetric if for all x € B and all permutations
o : N — N, the following holds:

flx1, o xn, ) = f(Xe@)yre s Xo(nyr )
Our interest throughout this section will be in the set
Aus(B) = {f : B— C|f is holomorphic, uniformly continuous, and symmetric on B}.
The following result is straightforward.

Proposition 2.1. [4] Ays(B) is a unital commutative Banach algebra under the supremum norm. Each
function f € Ays(B) admits a unique (automatically symmetric) extension to B.

Let us give some examples of A,s(B) when B is the open unit ball of some classical Banach
spaces X.

Example 2.2. X = .

Theorem 2.3. [5] Let P : ¢ — C be an n-homogeneous polynomial and € > 0. Then there is N € N
and an n-homogeneous polynomial Q : CN — C such that for all x = (x1,...,XN,XN4+1,---) € B,
|IP(x) — Q(xq,...,xN)| <&

Corollary 2.4. [4] Foralln € N, n > 1, the only n-homogeneous symmetric polynomial P : co — C s
P=0.
Since any function f € A,s(B) can be uniformly approximated on B by finite sums of sym-

metric homogeneous polynomials, it follows that .A,s(B) consists of just the constant functions
when B is the open unit ball of ¢.

Example 2.5. [4] X =/, forsome p, 1 < p < co.

The linear (n = 1) case. Let ¢ € ¢}, be a symmetric 1-homogeneous polynomial on /,; that is, ¢
is a symmetric continuous linear form. Since ¢ can be regarded as a point (y1,...,Ym,...) € ¢}
and since y; = ¢(e1) for all j, we see thaty; = ... = y = .... Therefore, the set of symmetric
linear forms ¢ on ¢; consists of the 1-dimensional space {b(1,...,1,...)|b € C}. For p > 1, the
above shows that there are no non-trivial symmetric linear forms on £y,.

The quadratic (n = 2) case. Let P : £, — C be a symmetric 2-homogeneous polynomial, and let
A : Ly x £, — C be the unique symmetric bilinear form associated to P, using the polarization
formula and P(x) = A(x, x) for all x € £,. Now, P(e1) = P(e;) for all j € N. Moreover,

P(61 + 62) = A(€1 +ep,e1 + 62) = A(el,el) +2A(€1,€2) + A(€2,€2)
= P(el) -+ 2A(€1,€2) + P(€2)
and likewise
P(Ej + €k) = P(ej) + ZA(EJ', €k) + P(ek),
for all j and k € N. Therefore A(e;j, ex) = Afey, e2).
So, for all N,

N
P(xi,...,xN,0,0,...) =a Zx]z +b ) xxg,
= A



Symmetric Polynomials and Holomorphic Functions... 27

where a = P(e1) and b = A(ej, ex).
From this, we can conclude, that for X = ¢;, the space of symmetric 2-homogeneous poly-
nomials on /1, Ps(%¢1), is 2-dimensional with basis {Zj sz, Ytk xjxk}. On the other hand, the

corresponding space Ps(*(;) of symmetric 2-homogeneous polynomials on /3, is 1-dimensional
with basis {}; sz} For1 < p < 2, Ps(*(;) is also the one-dimensional space generated by Y, sz,
while P;(%¢,,) = {0} for p > 2.

This argument can be extended to all n and all p, and we can conclude that for all n, p, the
space of symmetric n-homogeneous polynomials on £,, Ps("£,), is finite dimensional. Conse-
quently, since for all f € A,5(B), f is a uniform limit of symmetric n-homogeneous polyno-
mials, we have reasonably good knowledge about the functions in A,s(B). So we can say that
Ays(B), for B the open unit ball of an ¢y space, is a "small" algebra.

2.1. THE SPECTRUM OF A,,(B)

Recall that the spectrum (or maximal ideal space) of a Banach algebra A with identity e is the set
M(A)={¢p: A—C |¢p isahomomorphismand ¢(e)=1}. Werecall thatif ¢ € M(A),
then ¢ is automatically continuous with ||¢|| = 1. Moreover, when we consider it as a subset of
A* with the weak-star topology, M (A) is compact.

We will examine M (Ays(B)) when B = B, . The most obvious element in M (Ays(B)) is the
evaluation homomorphism 6, at a point x of B (recalling that since the functions in .A,s(B) are
uniformly continuous, they have unique continuous extensions to B). Of course, if x,y € B are
such that y can be obtained from x by a permutation of its coordinates, then 6, = ¢,. It is natural
to wonder whether M (A,s(B)) consists of only the set of equivalence classes {dz|x € B}, where
x ~ y means that x and y differ by a permutation.

Example 2.6. [1, 4]

For every n € N define F, : B — Cby F,(x) = L2, x. To simplify, we take B = By, (so
that F, will be defined only for n > 2). It is known that the algebra generated by {F,|n > 2} is
dense in A,5(B). For each k € N, let

U = (61 + ...+ ek).

1
Vk
It is routine that each vy has norm 1, that §,, (F>) = 1 for all k € N, and that for all n > 3,

1
5Uk(FTl) = Fn(vk) = Wk — 0ask — oo.
Since M (Ays(B)) is compact, the set {Jy, |k € N} has an accumulation point ¢ € M (Ays(B)).
It is clear that ¢(F,) = 1 and ¢(F,) = 0 for all n > 3. It is not difficult to verify that ¢ # J, for

every x € B. This construction could be altered slightly, by letting v, = \/LE(txlel + .+ agey),
where each |a;| < 1. Thus, with this method we give a small number of additional homomor-

phisms in M (.A,s(B)) that do not correspond to point evaluations.

It should be mentioned that it is not known whether M(A,s(By,)) contains other points.
However, in [1] was given a different characterization of M(Ays(By,)). In order to do this, we
first simplify our notation by considering only B,. For each n € N, define /" : B, — C" as
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follows:

R
j ]

Let D, = F"(By,), and let [D;] be the polynomially convex hull of Dy, (see, e.g., [12]). Let
L1 ={(b;)j21 € leo : (bj)iLq € [Dy], foralln € N.}
In other words, ¥ is the inverse limit of the sets [D,|, endowed with the natural inverse limit
topology.
Theorem 2.7. [1, 4] Xy is homeomorphic to M(Ays(By,)).

The analogous results, and the analogous definitions, are valid for £, and M (Aus(By,))-

The basic steps in the proof of Theorem 2.7 are as follows: First, since the algebra generated
by {F.|n > 1} is dense in A,s(By, ), each homomorphism ¢ € M (Ays(By,)) is determined
by its behavior on {F,}. Next, every symmetric polynomial P on ¢; can be written as P =
Qo F" for some n € N and some polynomial Q : C" — C. Finally, to each (b;) € X, one
associates ¢ = @) : Aus(By,) = Cby ¢(P) = Q(by, ..., by). This turns out to be a well-defined
homomorphism, and the mapping (b;) € £1 ~~ ¢(;,) € M(Aus(By,)) is a homeomorphism.

2.2. THE SPECTRUM OF A,5(B) IN THE FINITE DIMENSIONAL CASE

Let us turn to A, (B), where B is the open unit ball of C", endowed with a symmetric norm.
Because of finite dimensionality, A,s(B) = As(B), where A;(B) is the Banach algebra of sym-
metric holomorphic functions on B that are continuous on B.

Unlike the infinite dimensional case, the following result holds.

Theorem 2.8. [1, 4] Every homomorphism ¢ : As(B) — C is an evaluation at some point of B.
We describe below the main ideas in the proof of this result.

Proposition 2.9. [1, 4] Let C C C" be a compact set. Then C is symmetric and polynomially convex if
and only if C is polynomially convex with respect to only the symmetric polynomials.

In other words, C is symmetric and polynomially convex if and only if

C={z0€C":|P(z0)| <sup|P(z)|, for all symmetric polynomials P}.
zeC

Fori € N, let
Ri(x) = ) Xy *

1 Xk

]

Proposition 2.10. [1, 4] Let B be the open unit ball of a symmetric norm on C". Then the algebra
generated by the symmetric polynomials Ry, ..., R, is dense in As(B).

Lemma 2.11. (Nullstellensatz for symmetric polynomials)[1, 4] Let Py, ..., Py be symmetric polyno-
mials on C" such that
kerPiN---NkerP, =@.

Then there are symmetric polynomials Q1, . .., Qm on C" such that

m
2 PQi=1
j=1
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To prove Theorem 2.8, let us consider the symmetric polynomials P; = Ry — ¢(R1),..., Py =
Ry — @(Ry). If ker PN - - - Nker Py, = @, then Lemma 2.11 implies that there are symmetric
polynomials Qs, ..., Qm on C" such that } /7 ; P;Q; = 1. This is impossible, since ¢(P;Q;) = 0.
Therefore, there exists some x € C" such that P;(x) = 0 for all j, which means ¢(R;) = R;(x)
for all j. By Proposition 2.10, ¢(P) = P(x), for all symmetric polynomials P : C" — C.

So, for all such P, |¢(P)| = |P(x)| < ||P||. This means that x belongs to the symmetrical

polynomial convex hull of B. Since B is symmetric and convex, it is symmetrically polynomially
convex (by Proposition 2.9). Thus x € B. [J

3. THE ALGEBRA OF SYMMETRIC ANALYTIC FUNCTIONS ON Ep

Let us denote by Hy,s(¢p) the algebra of all symmetric analytic functions on £, that are bounded
on bounded sets endowed with the topology of the uniform convergence on bounded sets and
by Mys(€,) the spectrum of Hys (4} ), that is, the set of all non-zero continuous complex-valued
homomorphisms.

3.1. THE RADIUS FUNCTION ON M, (¢,)

Following [3] we define the radius function R on My(¢,) by assigning to any complex ho-
momorphism ¢ € My, (£,) the infimum R(¢) of all r such that ¢ is continuous with respect to
the norm of uniform convergence on the ball 7By, that is [¢(f)| < C;|/f||;. Further, we have

[P < 11 fllrep)-

As in the non symmetric case, we obtain the following formula for the radius function

Proposition 3.1. [6] Let ¢ € Ms(€,) then
R(¢) = limsup |[pu[|'"", (3.1)
n—oo

where ¢, is the restriction of ¢ to Ps("Lp) and ||¢py|| is its corresponding norm.

Proof. To prove (3.1) we use arguments from [3, 2.3. Theorem]. Recall that
1¢pnll = sup{[¢n(P)| : P € Ps("fy) with |[P[| < 1}.

Suppose that
0 < t < limsup ||¢, /"™
n—o00
Then there is a sequence of homogeneous symmetric polynomials P; of degree n; — oo such
that [|Pj|| = 1and |¢(P;)| > t". If 0 < r < t, then by homogeneity,
Bl = sup [Bi(x)] =",
xEngp

so that
(P > (¢/7)" 1Bl
and ¢ is not continuous for the || ||, norm. It follows that R(¢) > r, and on account of the
arbitrary choice of r we obtain
R(¢) > limsup [[¢u]/".

n—o0



30 LV.Chernega

Let now be s > limsup ||¢,||*/" so that s” > ||¢y|| for m large. Then there is ¢ > 1 such

n—oo

that ||| < cs™ for every m. If r > s is arbitrary and f € Hs(£;) has Taylor series expansion

f=Y_ fu then
n=1
N fmll = N fmlly <\ fllz, m>0.

Hence

()| < Npullll full < S ||f”r
and so

GIE c(zi—Z) 111

Thus ¢ is continuous with respect to the uniform norm on rB, and R(¢) < r. Since r and s are
arbitrary,

R(¢) <limsup ||/
n—o0

3.2. AN ALGEBRA OF SYMMETRIC FUNCTIONS ON THE POLYDISK OF /;

Let us denote

D= {x = inei € {q: sup x| < 1}.
i=1 i

It is easy to see that D) is an open unbounded set. We shall call D the polydisk in /7.
Lemma 3.2. [6] For every x € D the sequence F(x) = (Fi(x) )%, belongs to ¢1.

Proof. Let us firstly consider x € ¢1, such that ||x|| = Y72, |x;| < 1 and let us calculate F(x) =
(Fr(x))s21- We have

Il = IR = L[] < D bt
2 e
;(;w) ann S <

for [A| < 1.

In particular, || F(Aey)| = 1 Ml
If x is an arbitrary element in D, pick m € N so that Z |x;| < 1.Putu = x—(xq,...,%1,0...)
i=m+1
and and notice that Fi(x) = Fe(x1e1) + - - - + Fx(xmem) + Fe(u) with [[xger]| <1, k=1,...,mas

well as ||u]| < 1. Also, || F (xxer) || < Hyﬁ” i Hence,

3

171 = | £ 7o) + 7w < L 17 mal + 17 <
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Note that F is an analytic mapping from D into ¢; since F(x) can be represented as a con-
vergent series JF(x Z Fr(x)ex for every x € D and F is bounded in a neighborhood of zero
(see [9], p. 58).

Proposition 3.3. [6] Let g1,92 € Hyp(¢1). If g1 # o, then there is x € D such that g1(F(x)) #
82(F (x))-

Proof. It is enough to show that if for some g € H;(¢1), we have g(F(x)) = 0 Vx € D, then
g(x) =0.

Let g(x Z x) where Q, € P("¢1) and
c — kl kn
Qn( Z xiei> = Z Z niy..inXiy - Xj -
n=1 ki+...tky=ni;<..<iy

For any fixed x € Dand t € Csuch that tx € D, let g(F (tx)) = %4 t/rj(x) be the Taylor series
at the origin. Then

L. Qu(F () = 8(7 () = 1 ()
n= j=

Let us compute 7, (x). We have

)= Y g ). (). (32)

k<m
kl i1+...k;1in—l11

It is easy to see that the sum on the right hand side of (3.2) is finite.

Since g(F(x)) = 0 for every x € D, then r,(x) = 0 for every m. Further being Fi, ..., F,
algebraically independent gy ;, ;, = 0in (3.2) for an arbitrary k < m, ki1 + ... + kyiy, = m. As
this is true for every m then Q, = 0 for n € N. So g(x) = 0 on /5. g

Let us denote by H (D) the algebra of all symmetric analytic functions which can be repre-

sented by f(x) = g(F(x)), where g € H;(¢1), x € D. In other words, H (D) is the range of the
one-to-one composition operator Cr(g) = g o F acting on Hy(¢1). According to Proposition 3.3

the correspondence ¥ : f + g is a bijection from Ho (D) onto Hy(¢1). Thus we endow HG (D)
with the topology that turns the bijection ¥ an homeomorphism. This topology is the weakest

topology on HY (D) in which the following seminorms are continuous:

q:(f) = 1FUr = liglr = sup |gx)|, reQ

llxlley <r

Note that ¥ is a homomorphism of algebras. So we have proved the following proposition:

Proposition 3.4. [6] There is an onto isometric homomorphism between the algebras ’Hfl(]D)) and
Hy(41).
Corollary 3.5. [6] The spectrum M ( fl( D)) of 51 (D) can be identified with My,(¢1). In particular,

0y C M(HE(D)), that is, for arbitrary z € {y there is a homomorphism 1, € M(H (D)), such that
¥(f) =¥ (f)(2).
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The following example shows that there exists a character on H (D), which is not an evalu-
ation at any point of I.

Example 3.6. [6] Let us consider a sequence of real numbers (a,), 0 < |a,| < 1 such that (a,) €

0>\ {1 and that the series ) a, conditionally converges to some number C. Despite (a,) ¢
n=1
¢4, evaluations on (a,) are determined for every symmetric polynomial on /¢;. In particular,

F((an)) = C, F((an)) = Lak < oo and {Fc((a4))}>, € £1.So (a,) “generates" a character on

(D) by the formula ¢(f) = ¥ (f)(F((an)))-
Since (a,) € £a, then Fi((az(y))) = Fc((an)) ,k > 1. Notice that there exists a permutation on

(o]
the set of positive integers, 77, such that Z An(n) = C’ # C. For such a permutation 7t we may
n=1
do the same construction as above and obtain a homomorphism ¢ “generated by evaluation

at (ax(n)", ¢(f) = ¥ (F)(F((arm)))-
Let us suppose that there exist x,y € D such that ¢(f) = f(x) and ¢-(f) = f(y) for every

function f € H(D). Since ¢(F) = @x(F), k > 2, then by [1] Corollary 1.4, it follows that there
is a permutation of the indices that transforms the sequence x into the sequence y. But this can-
not be true, because Fy (x) = ¢(F) # ¢x(F1) = F1(y). Thus, at least one of the homomorphisms
@ or ¢ is not an evaluation at some point of D.

Note that the the homomorphism "generated by evaluation at (a,)" is a character on Ps(¢1)
too, but we do not know whether this character is continuous in the topology of uniform con-
vergence on bounded sets.

3.3. THE SYMMETRIC CONVOLUTION

Recall that in [3] the convolution operation ” * ” for elements ¢, 6 in the spectrum, M (X), of
Hp(X), is defined by

(p+0)(f) = @(0(f(- +x))), where f € H,(X). (3.3)

In [6] we have introduced the analogous convolution in our symmetric setting.

It is easy to see that if f is a symmetric function on ¢,, then, in general, f(- + y) is not sym-
metric for a fixed y. However, it is possible to introduce an analogue of the translation operator
which preserves the space of symmetric functions on £.

Definition 3.7. [6] Let x,y € £, x = (x1,x2,...,) and y = (y1,¥2, ..., ). We define the
intertwining of x and y, x ey € £, according to

X .y = (xlly]_/leyz/ ey )
Let us indicate some elementary properties of the intertwining.

Proposition 3.8. [6] Given x,y € £, the following assertions hold.

(1) Ifx=01(u)and y = 0»(v), 01,00 € G, then x oy = o (u @ v) for some o € G.
2) [lx e yl[P = [|lx[P + [y [|7-
(3) Fu(xey) = Fy(x) + Fy(y) for every n > p.

Proposition 3.9. [6] If f(x) € Hps(£), then f(x @ y) € Hys(Lp) for every fixed y € L.



Symmetric Polynomials and Holomorphic Functions... 33

Proof. Note that x ey = x e 0 4 0 @ y and that the map x — x @0 is linear. Thus the map
x — x @ i is analytic and maps bounded sets into bounded sets, and so is its composition with

f.Moreover, f(x ey) is obviously symmetric. Hence it belongs to Hps(£;). O
The mapping f — T;(f) where T;(f)(x) = f(x ey) will be referred as to the intertwining
operator. Observe that T3 o Ty = Ty,, = T, o Ty : Indeed, [T} o Ty|(f)(z) = T[T, (f)](z) =

Ty(f)(zex) = f((zex)ey)) = f(ze (xoy))y, since f is symmetric.

Proposition 3.10. [6] For every y € £y, the intertwining operator Ty is a continuous endomorphism of

Hbs (f p ) .
Proof. Evidently, Tj is linear and multiplicative. Let x belong to £, and ||x|| < r. Then [|x e y|| <

¢r? + |lyllP and

Ty f(x)| < sup @ = Il i (3.4)
R/rP+ylP
|z[|< R/ 7P +]|y[IP
So T; is continuous. O

Using the intertwining operator we can introduce a symmetric convolution on Hs(¢,)’. For
any 0 in Hps(£p)’, according to (3.4) the radius function R(6 o Ty) < {/R(0)? + [[y|[P. Then
arguing as in [3, 6.1. Theorem] , it turns out that for fixed f € Hys(¢;) the functiony — 6o T;(f)
also belongs to Hps(/p).

Definition 3.11. For any ¢ and 0 in H;,s(¢,)’, their symmetric convolution is defined according to
(@ x0)(f) = ¢y = O(T;f))-
Corollary 3.12. [6] If ¢,0 € Mys(£p), then ¢ x 0 € Mys(£p).

Proof. The multiplicativity of T yields that ¢ x f is a character. Using inequality (3.4), we obtain
that

R(9x6) < {/R($) +R(6)".
Hence ¢ x 6 € M(£p). O

Theorem 3.13. [7] a) For every ¢,0 € M(£p) the following holds:

(¢ x0)(Fc) = @(F) + 0(F). 3.5)
b) The semigroup (Mys(€,),*) is commutative, the evaluation at 0, &y, is its identity and the cancela-
tion law holds.

Proof. Observe that for each element F in the algebraic basis of polynomials, { F}, we have
(6% Fe)(x) = 0(Tx(Fx)) = 0(Fi(x) + F) = Fe(x) + 0(F).
Therefore,
(¢ x0)(Fe) = ¢(Fc+ 0(Fo)) = ¢(Fe) + 0(Fo).
To check that the convolution is commutative, that is, ¢ x 0 = 6 x ¢, it suffices to prove it for
symmetric polynomials, hence for the basis { Fy }. Bearing in mind (3.5) and also by exchanging
parameters (6 x ¢)(F) = 0(F) + ¢(Fc) = (¢ % 0)(F;) as we wanted.

It also follows from (3.5) that the cancelation rule is valid for this convolution: If p x = ¢ %6,
then ¢(Fy) + 0(F¢) = ¢(F) + 0(F), hence ¢(F,) = ¢(Fy), and thus, ¢ = ¢. O
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Example 3.14. [7] There exist nontrivial elements in the semigroup (Mps(£;), %) that are invertible:
In [1, Example 3.1] it was constructed a continuous homomorphism ¢ = ¥ on the uniform
algebra Ays(By,) such that ¢(F,) = 1 and ¢(F;) = 0 foralli > p. In a similar way, given A € C
we can construct a continuous homomorphism ¥ on the uniform algebra Aus(|A|By,) such
that ¥ (F,) = Aand ¥, (F;) = Oforalli > p : It suffices to consider for each n € N, the element

1/
vy = (4) g (e1 + --- +eyn) for which F,(v,) = A, and lim, F](vn) = 0. Now, the sequence

n
{0y, } has an accumulation point ¥ in the spectrum of Ays(|A[By, ). We use the notation i, for
the restriction of ¥ to the subalgebra Hys(¢,) of Aus(|A[By,). It turns out that Y x 1 = o
since for all elements F; in the algebraic basis, (Yo x 1) (F;) = ¢a(F;) + ¥ (F;) = 0 = 5 (F).
Therefore, we obtain a complex line of invertible elements {i,: A € C}.

As in the non-symmetric case [3] Theorem 5.5, the following holds:
Proposition 3.15. [7] Every ¢ € M,(£p) lies in a schlicht complex line through &y.

Proof. For every z € C, consider the composition operator L, : Hps(€,) — Hps(€p) defined
according to L;(f)((xn)) := f((zxy)), and then, the restriction L} to M,(¢p) of its transpose
map. Now put ¢* := L¥(¢) = ¢ o L,. Observe that ¢*(F,) = ¢ o L,(F) = ¢((F(z"))) =
Z*¢(F,). Also, ¢° = dy.

For each f € Hys(¢p) the self-map of C defined according to z ~+ ¢*(f) is entire by [3] Lemma
5.4.(i). Therefore, the mapping z € C ~ ¢* € Ms(¥;) is analytic.

Since ¢ # dp, the set X := {k € N : ¢(Fy) # 0} is non-empty. Let m be the first element of X,
so that ¢(Fy,) # 0. Then if ¢* = ¢“, one has z"¢(F,,) = w"¢(F,), hence z" = w™. Taking the
principal branch of the m" root, the map & ~~ ¢ V¢ is one-to-one. O

Recall that a linear operator T : Hys(£,) — Hps(p) is said to be a convolution operator if
there is 6 € Ms(¢y) such that Tf = 6 x f. Let us denote Heono(¢p) := {T € L(Hps(£p)) :
T is a convolution operator}.

Proposition 3.16. [7] A continuous homomorphism T : Hyps(€,) — Hyps(£p) is a convolution operator
if, and only if, it commutes with all intertwining operators Ty, y € L.

Proof.- Assume there is 0 € Ms({;,) such that Tf = 0 % f. Fixy € ;. Then [T o Tj](f)(x) =
[T(Ty(N)I(x) = [0+ Ty(f)](x) = O[TTy(f)] = 0[Txey(f)]. On the other hand, [Ty o T](f)(x) =
[TH(TAHNx) = Tf(xoy) = (0 f)(xoy) = 0[T3,, (f)].

Conversely, set § = o T. Clearly, 0 € My(¢p). Let us check that Tf = 6« f : Indeed,

(6% f)(x) = 0[T(f)] = [T(T(f)](0) = [TT(f)](0) = Tf(0®x) = Tf(x). m
Consider the mapping A defined by A(8)(f) = 6 * f, that s,
A My(Ly) — Heono(£p)

6 = f 0% f=A0)(f)
It is, clearly, bijective. Moreover we obtain a representation of the convolution semigroup

Proposition 3.17. [7] The mapping A is an isomorphism from (M (£p), %) into (Heono(£p), 0) where
o denotes the usual composition operation.
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Proof.- First, notice that using the above proposition,

Alex0)(f)(x) = [(9%0)xfl(x) = (9 xO)(T3f) = @(0x T3f)

P[AO)(TZf)] = o[(A(8) o T)(f)] = ¢[(T3 o A(0))(f)]-
On the other hand,
[A(p) o AB)](f)(x) = Al@)[A(0)(f)](x) = [@* A(0)(f)](x) = @[T (A(0)(f))]-
Thus the statement follows. ]

As a consequence, the homomorphism 6 is invertible in (Mbs(ﬁp),*), if, and only if, the
convolution operator A(f) is an algebraic isomorphism. Observe also that for ¢ € My, (¢;),

one has
PpoA(f) =y x0,
because [ o A(0)](f) = p[AO) (/)] = ¥(0x f) = (¥ x0)(f).
Next we address the question of solving the equation ¢ = ¢ x 0 for given ¢, € My (£}). We
begin with a general lemma.

Lemma 3.18. [7] Let A, B be Fréchet algebras and T : A — B an onto homomorphism. Then T maps
(closed) maximal ideals onto (closed) maximal ideals.

Proof. Since T is onto, it maps ideals in A onto ideals in B. Let J C A be a maximal ideal,
we prove that T(J) is a maximal ideal in B : If Z is another ideal with T(J) C Z C B, it
turns out that for the ideal T-1(Z), 7 ¢ T"Y(T(J)) € T~'(Z), hence either 7 = T~(Z), or
A =T 1(I). That s, either T(J) = Z,or B = T.

Let now ¢ € M(A) and J = Ker(¢), a closed maximal ideal. Then T(J) is a maximal
ideal in B, so there is a character ¢ on B such that Ker(¢) = T(J). Then Ker(¢) C Ker(p o T),
because if ¢(a) = 0, thatis,a € J, we have T(a) € Ker(ip). By the maximality, either ¢ = o T,
orpoT = 0, hence p = 0. In the former case, 1 is also continuous since being T an open
mapping, if (b,) is a null sequence in B, there is a null sequence (a,) C A such that T(a,) = by;
thus lim,, ¥(by,) = lim, ¢ o T(ay,) = lim, ¢(a,) = 0. O
Remark 3.19. Let A, B be Fréchet algebras and T : A — B an onto homomorphism. If T (Ker(¢)) is a
proper ideal, then there is a unique § € M(B) such that ¢ = o T.

Corollary 3.20. [7] Let 0 € My(£p). Assume that A(6) is onto. If A(68)(Kerg) is a proper ideal,
then the equation ¢ = ¢ % 0 has a unique solution. In case A(6)(Kerp) = Hps(€,), then the equation
@ = P x 0 has no solution.

Proof. The first statement is just an application of the remark, since ) x0 = o A(6) = ¢. For the
second statement, if some solution ¢ exists, then again o A(0) = px 0 = @, so Pp(Hps({p)) =
(o A(0))((Kerg)) = ¢(Kerp) = 0. Therefore, then also ¢ = 0.

O

3.4. A WEAK POLYNOMIAL TOPOLOGY ON My, (¢,) [7]

Let us denote by w), the topology in My (¢,) generated by the following neighborhood basis:
Uek,.. o (®) = (% 92 9 € Mis(£p)  o(Fe)l <& j=1,...,n}.

It is easy to check that the convolution operation is continuous for the w, topology, since
thanks to (3.5),
Ue /21, e (0) % Ue 2,k () © Uy, e, (0% ).
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We say that a function f € Hy,(¢p) is finitely generated if there are a finite number of the basis
functions {F; } and an entire function g such that f = q(Fy,..., F;).

Theorem 3.21. A function f € Hys(€,) is wy-continuous if and only if it is finitely generated.

Proof. Clearly, every finitely generated function is w,-continuous. Let us denote by V,, the finite
dimensional subspace in £, spanned by the basis vectors {ej,...,e,}. First we observe that if
there is a positive integer m such that the restriction f|, of f to V;, is generated by the restrictions
of Fy,...,Fy to 'V, for every n > m, then f is finitely generated. Indeed, for givenn > k > m we
can write

Ay, () = q(R(x),... Ba(x)) and - f, (x) = qa(Fi(x),..., Fu(x))
for some entire functions ¢; and g, on C". Since
{(F1(x),..., Fn(x)): x € it} =C"

(see e. g. [1]) and f|y, is an extension of f|y_we have qi(t1,...,t,) = qa(t1,...,t,). Hence
f(x) = q1(Fi(x),..., Fu(x)) on{, because f(x) coincides with g1 (F; (x), ..., Fx(x)) on the dense
subset | J,, Vy.

Let f be a w-continuous function in Hys(¢,). Then f is bounded on a neighborhood Uy 1, =
{xely: |F(x)| <e, ..., |Fu(x)| <e}.Foragivenn > m let

flv,(x) = q(Fi(x),..., En(x))
be the representation of f|y, (x) for some entire function g on C". Since {(F;(x),..., Fn(x)): x €
Va} = C™, q(ty,...,t,) must be bounded on the set {|t1] < ¢,...,|tm| < €}. The Liouville
Theorem implies q(t1,...,t,) = q(t1,...,tm,0...,0), that is, f|y, is generated by F, ..., Fy.
Since it is true for every n, f is finitely generated. 4

For example f(x) =Y " 4 F"n(!x ) is not wp-continuous.

Proposition 3.22. w), is a Hausdorff topology.
Proof. If ¢ # 1, then there is a number k such that

[9(Fe) = $(F)| = p > 0.
Let ¢ = p/3. Then for every 6; and 6, in U, x(0),

(9% 01) (F) — (9% 02) ()| = |(9(F) — $(F)) — (62(E)) — 61 (E)| = p/3.
U

Proposition 3.23. On bounded sets of Mys({p) the topology w, is finer than the weak-star topology
w(Mbs (gp)/ Hbs (EP))'

Proof. Since (Mys(£p), wy) is a first-countable space, it suffices to verify that for a bounded
sequence (¢;); which is w, convergent to some ¢, we have lim; ¢;(f) = ¢(f) for each f €
Hps({p) : Indeed, by the Banach-Steinhaus theorem, it is enough to see that lim; ¢;(P) = ¢(P)
for each symmetric polynomial P. Being { Fi } an algebraic basis for the symmetric polynomials,
this will follow once we check that lim; ¢;(F;) = ¢(Fx) for each Fy. To see this, notice that given
e > 0, ¢; € Uy for i large enough, that is, there is 6; such that ¢; = ¢ x 6; with |6;(F)| < e.
Then, |¢;(F¢) — (F)| = |0;(Fx)| < ¢ for i large enough. O
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Proposition 3.24. If (M(£y), x) is a group, then w,, coincides with the weakest topology on M (£})
such that for every polynomial P € Hys(¢p) the Gelfand extension P is continuous on M bs(Lp)-

Proof. The sets F, Y(B(Fe(1),€)) generate the weakest topology such that all P are continuous.
Let € Ms(¢,) be such that |F(6) — F(¢)| < & Set ¢ = 01 Then |F(¢)| = |F(6) —
F(p)| <eand 6 = P« ¢. O

3.5. REPRESENTATIONS OF THE CONVOLUTION SEMIGROUP (M (1), *)[7]

In this subsection we consider the case H;s(¢1 ). This algebra admits besides the power series
basis {F, }, another natural basis that is useful for us: It is given by the sequence {G, } defined
by Go =1, and

(ee]

Gn(x) = Z Xy =" Xhyr

ky <+ <kp

and we refer to it as the basis of elementary symmetric polynomials.
Lemma 3.25. We have that ||G,|| = 1/n!

Proof. To calculate the norm, it is enough to deal with vectors in the unit ball of /; whose com-
ponents are non-negative. And we may reduce ourselves to calculate it on L;, the linear span
of {e1,...,em} for m > n. We do the calculation in an inductive way over m.

Since Gn| . is homogeneous, its norm is achieved at points of norm 1. If m = n, then G, is

the product x; - - - x,,. By using the Lagrange multipliers rule, we deduce that the maximum is
attained at points with equal coordinates, that is at %(61 +---+ey). Thus |G, (%, g, %, 0,...)|=
1/n" < %

Now for m > n, and x € L,,, we have G,(x) = ZZ?<~-<k,,§m Xk, - - Xk, Again the Lagrange
multipliers rule leads to either some of the coordinates vanish or they are all equal, hence they

have the same value 1. In the first case, we are led back to some the previous inductive steps,
with Ly with k < m, so the aimed inequality holds. While in the second one, we have

1 1 m 1 1
GH(E,'W',EIO,”.) - ( n )— < i

m"* — n!

Moreover, |G, || > limy, ( ZZ ) % = % This completes the proof. O

Let C{t} be the space of all power series over C. We denote by F and G the following maps
from M, (1) into C{t}

o0

ﬂ@zZW%@)mdngifWM-

n=1
Let us recall that every element ¢ € M,,(¢1) has a radius-function
. 1
R(p) = limsup ||| < oo,
n—o00

where ¢, is the restriction of ¢ to the subspace of n-homogeneous polynomials [6].
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Proposition 3.26. The mapping ¢ € My(41) 9 g (¢) € H(C) is one-to-one and ranges into the
subspace of entire functions on C of exponential type. The type of G(¢) is less than or equal to R(¢).

Proof. Using Lemma 3.25,

limsup {/n!|¢,(Gy)| < limsup {/n!|@nl/||Gnull

n—00 n—oo
= limsup {/|lgn| = R(p) < oo,
n—00
hence G(¢) is entire and of exponential type less than or equal to R(¢). That G is one-to-one
follows from the fact { G, } is a basis. O
Theorem 3.27. The following identities hold:
(1) F(p*6) = F(¢) + F(6).
(2) Gl9x0) = G(9)G(0).
Proof. The first statement is a trivial conclusion of the properties of the convolution. To prove
the second we observe that

(xoy) Z Gr(x ().

Thus
(6% Gu)(x) = (T3(Gn)) = 0( Y Gi(x)Gu¢) = Y Gel(x)8(Gy )
k=0 k=0
Therefore,
(¢*0)(G < Z Gy (x > = kZ ¢(Gr)0(G—)-
=0
Hence, being the series absolutely convergent,
G(9)90) = 1 ¢9(G) 1. #"0(G) = iOk L p(Ge(Gn)
n +m=n
= Zt” Y. @(Gpe Zt” p%0)(Gy) = G(p*0).

n=0 k+m=n
O

Example 3.28. Let i, be as defined in Example 3.14. We know that F(¢,) = A. To find G(¢,)
note that

ANk ) /\k
Gr(vy) = (E) ( Z ) , hence ¢(Gy) = h;gn Gr(vy) = o

and so
n

G(pa)(t) = lim Z (AE)r(Gn) =

n—)oo

According to well-known Newton’s formula we can write for x € ¢4,

nGn(x) = Fl(x)Gn—l(x) - FZ(X)Gn—2(x> +-+ (_1)71—0—11:”(3(). (36)
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Moreover, if ¢ is a complex homomorphism (not necessarily continuous) on the space of sym-
metric polynomials Ps(¢; ), then

13 (Gn) = E(F)E(Ga1) = E(F2)E(Gz) + -+ + (=1)"T1E(F). (37)
Next we point out the limitations of the construction’s technique described in 3.14.

Remark 3.29. Let & be a complex homomorphism on Ps(£1) such that {(F,) = ¢ # 0 for some m > 2
and (F,) = 0 for n # m. Then & is not continuous.

Proof. Using formula (3.7) we can see that

£(Gen) = (~1)r11 £ Ctm)

and ¢(G,) = 0if n # km for some k € N. By induction we have

—1)m e /m)"
£(G) = /)

and so

3 " ‘ . m+1 et m+1 et
GEOH =1+ (=1) :C/m) O ((—1);17)" _ (e

k=1 : k=1

Hence G(&)(t) = e~ = 55 Since m > 2, G(¢) is not of exponential type. So if &

were continuous, it could be extended to an element in M,(¢1), leading to a contradiction
with Proposition 3.26. O

According to the Hadamard Factorization Theorem (see [14, p. 27]) the function of the expo-
nential type G(¢)(t) is of the form

_ At = _i t/ay
Glo)(t) = e ;E(l ak)e , (3.8)

where {a;} are the zeros of G(¢)(t). If _|ax| ~! < o, then this representation can be reduced to

b t
H=eM[](1-—). :
Glo)t) =TT (1-7) (3.9)
Recall how ¢, was defined in Example 3.14.

Proposition 3.30. If ¢ € (My(¢1),%) is invertible, then ¢ = , for some A. In particular, the
semigroup (Mys(€1),*) is not a group.

Proof. If ¢ is invertible then G(¢)(t) is an invertible entire function of exponential type and so
has no zeros. By Hadamard'’s factorization (3.8) we have that G(¢)(t) = e for some complex
number A. Hence ¢ = 1, by Proposition 3.26.

........ ) does not coincide with any ¥, since, for instance, ) (F2) =0 # 1 =

6(1,0..,0,..) (F2)- O

Another consequence of our analysis is the following remark.

Corollary 3.31. Let ® be a homomorphism of Ps({1) to itself such that ®(F,) = —Fy for every k. Then
® is discontinuous.
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Proof. If ® is continuous it may be extended to continuous homomorphism ® of Hy,(¢;). Then
forx = (1,0...,0,...), dx x (0x o @) = Jy. However, this is impossible since d, is not invertible.

O
We close this section by analyzing further the relationship established by the mapping G.
It is known from Combinatorics (see e.g. [15, p. 3, 4]) that
(e°] (e°] x
Gx) () =[(1+x¢t) and F(o)(t) =Y —F (3.10)
k=1 =1 L~ %k

for every x € cgy. Formula (3.10) for G(y) is true for every x € {7 : Indeed, for fixed ¢, both the
infinite product and G (y)(t) are analytic functions on /1.

Taking into account formula (3.10) we can see that the zeros of G(6y)(t) are ap = —1/x; for
x # 0. Conversely, if f(t) is an entire function of exponential type which is equal to the right
hand side of (3.9) with ¥ |ax| ~! < o, then for ¢ € M, (1) given by ¢ = ¢, x5y, where x € /1,
xp = —1/ay and ¢, is defined in Example 3.14, it turns out that G(¢)(t) = f(t). So we have just
to examine entire functions of exponential type with Hadamard canonical product

= t
t) = 1— — et/ (3.11)
f=11(1-7)
with ¥ |ag| 7! = oo. Note first that the growth order of f(t) is not greater than 1. According to
Borel’s theorem [14, p. 30] the series

Yo
k=1 |ak|1+d
converges for every d > 0. Let
1
Aleimsupl, nleimsup‘ Z —
n—00 |an| r—00 an

lan|<r
and 75 = max(Ay, 15). Due to Lindelof’s theorem [14, p. 33] the type of of f and 7 simulta-
neously are equal either to zero, or to infinity, or to positive numbers. Hence f(t) of the form
(3.11) is a function of exponential type if and only if }_ |ax| =1 =% converges for every d > 0 and
7Y is finite.

Corollary 3.32. If a sequence (x,) & £, for some p > 1, then there is no ¢ € Mys(€1) such that

(ee]

o(F) =) Xk

n=1

forall k.

Letx = (x1,...,Xy,...) be a sequence of complex numbers such that x € {1 foreveryd > 0,

Y

lim sup n|x,| < oo, lim sup
n—o0 r—1

< o0 (3.12)

and A € C. Let us denote by 4, )) a homomorphism on the algebra of symmetric polynomials
Ps(£1) of the form

(]

Sy (F) =27, SpnF) =Y x, k>1

n=1
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Proposition 3.33. Let ¢ € Mys(¢1). Then the restriction of ¢ to Ps({1) coincides with ¢y ) for some
A € Cand x satisfying (3.15).

Proof. Consider the exponential type function G(¢) given by (3.8) and the corresponding se-

quence x = (;—nl)

If x € ¢, then according to (3.9), ¢ = P x5y If x & £1, then G(@)(t) = M, (1 +
txn>e*tx" and, on the other hand, G(¢)(t) = Yo ¢(Gn)t".

We have
At = —tx, ! _ At = —txy _ A 42 —tx —txy,
(e ;[Il(l—ktxn)e )t = Ae g<1+txn>e =e ( txZe 1171;[1<1+txn>e
— txZe i 1+ tx, Je B — ..
(.
= AeM ﬁ (1 + txn)e*tx” — teM i x,%e*txk H (1 + txn>e*tx”
n=1 k=1 n#k
and
AT N
(e ;£I1 (1 +txn>e X ) 0 A.
So by the uniqueness of the Taylor coefficients, ¢(G1) = ¢(F;) = A.
Now
At = —tx, " _ At = —tx, !
(e H(l—l—txn>e >t = (Ae H(l—l—txn>e )t
(teM i x%e_txk H (1 + txn)e_fx”),
k=1 n#k t
= A%eM Io—o[ (1 + txn>e*tx" — AteM i xpe T (1 + tx,I)e’tx”
n=1 k=1 n#k
eM i xie*t"k H <1 + txn>e*tx”
k=1 n#k
o0 /
— t(eMY xZe 1+ tx, e Hn
(@ £t T () )
and
eM 1+ tx, e n ! =A2 -V &2
(MIT (1 tm)e™) | =42 = L
Then , )
A —F F —F
o(Gn) = LB _ (9 )
On the other hand,
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and we have
¢(F2) = R(x).
Now using induction we obtain the required result. 4

Question 3.34. Does the map G act onto the space of entire functions of exponential type?
3.6. THE MULTIPLICATIVE CONVOLUTION |[8]

Definition 3.35. Let x,y € £,, x = (x1,x2,...), ¥ = (Y1,Y2,...). We define the multiplicative
intertwining of x and y, x oy, as the resulting sequence of ordering the set {x;y; : i,j € N} with
one single index in some fixed order.

Note that for further consideration the order of numbering does not matter.

Proposition 3.36. For arbitrary x,y € £, we have
(1) xoy € by and |xoy| = [lx|lyl;
(2) Fe(xoy) = F(x)Fe(y) Yk > [p].
(3) If P is an n-homogeneous symmetric polynomial on £, and y is fixed, then the function x
P(x o y) is n-homogeneous.

Proof. Tt is clear that [[x o y||? = ¥y [xigjl? = X lxil? Sy 1P = [xlPllyllP. Also Fy(x o) =
Xi’j(xiyj)k =y, xk Y y;.‘ = Fe(x)F(y). Statement (3) follows from the equality A(xoy) = (Ax)©
Y. O

Given y € {,, the mapping x € ¢, X (xoy) € {, is linear and continuous because of
Proposition 3.36. Therefore if f € Hys(¢p), then f oy, € Hy(¢p) because f oy is analytic
and bounded on bounded sets and clearly f(c(x) ¢y) = f(x o y) for every permutation o € G.
Thus if we denote M, (f) = f o 7y, M, is a composition operator on Hy,(¢p), that we will call
the multiplicative convolution operator. Notice as well that M, = M, for every permutation

o € G and that M (F) = F(y)F Vk > [p].

Proposition 3.37. For every y € £, the multiplicative convolution operator My is a continuous homo-
morphism on Hpys(¢p).

Note that in particular, if f, is an n-homogeneous continuous polynomial, then || M, (f,)|| <
[ fallllyll". And also that for A € C, My, (fu) = A"M,(fn), because 7y, (x) = Am(x). Analo-
gously, My > (fu) = fu o (71y + 71;), because 7y, = 71y + 71;. Therefore the mapping y € £, —
M, (fu) is an n-homogeneous continuous polynomial.

Recall that the radius function R(¢) of a complex homomorphism ¢ € M,(£,) is the infimum

of all r such that ¢ is continuous with respect to the norm of uniform convergence on the ball
rBy,, thatis [¢(f)[ < C;| f]|r. It is known that

R(¢) = limsup ||gu||'/",
n—o0
where ¢, is the restriction of ¢ to Ps("£p) and ||¢y|| is its corresponding norm (see [6]).
Proposition 3.38. For every 6 € Hys({,)" and every y € £, the radius-function of the continuous

homomorphism 6 o M,, satisfies
R(6oMy) < R(6)]y|

and for fixed f € Hys(£p) the function y — 6 o My (f) also belongs to Hys(£)).
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Proof. For a giveny € £, let (6 o M), (respectively, 6,) be the restriction of 6§ o M, (respectively,
8) to the subspace of n-homogeneous symmetric polynomials. Then we have

on (ML) i < el ol

H(@OMy)n”: sup H Hn

1 fnll <1

So
R(6 0 M,) < limsup(]|6. | [lylI")/" = R(8)y]-

n—oo
Since the terms in the Taylor series of the function y +— 6 o M, (f) are y + 6 o My (f,), where
(fn) are the terms in the Taylor series of f, the formula above proves the second statement. [J

Using the multiplicative convolution operator we can introduce a multiplicative convolution

on Hys(€,)'".

Definition 3.39. Let f € H;5(¢p) and 8 € Hys(¢p)". The multiplicative convolution 6O f is defined
as

(00f)(x) = 0[Mx(f)] for every x € £, .
We have by Proposition 3.38, that 60 f € Hys(4}).
Definition 3.40. For arbitrary ¢,0 € H;(¢p)" we define their multiplicative convolution ¢Of

according to
(900)(f) = @(60f) for every f € Hys(£p).

For the evaluation homomorphism at y, §;, observe that

(6y0f)(x) = 6y(Mx(f)) = (fomtx)(y) = f(mx(y)) = f(xoy) = f(my(x)) = My(f)(x).
Hence, 6,00, = dxoy-

Proposition 3.41. If ,0 € My({,), then ¢O8 € Mys(Lp).

Proof. From the multiplicativity of M, it follows that ¢{0 is a character. Using arguments as in
Proposition 3.38, we have that
R(908) < R(¢)R(6).

Hence ¢08 € Ms(£p). O
Theorem 3.42.

LIf 9,0 € Mys(£p), then (908)(F) = ¢(F)8(Fy) Yk > [p]. (3.13)
2. The semigroup (Mps(£y), Q) is commutative and the evaluation at xo = (1,0,0,...), bx,, is its
identity.
Proof. Let us take firstly x,y € £, and dy,94, € Mbs( ) the corresponding point evaluation
homomorphisms. Then (6:08,) (F¢) = F(x oy) = Lxfyk = F(x) Fe(y).

Now let ¢, 6 € Mys(£}). Then
(00F) (x) = 0(Mx(Fe)) = 0(Fe(x)Fe) = Fi(x)0(Fe).
So,
(900)(Fo) = ¢(Fb(Fr)) = ¢(Fi)0(Fe)-

Exchanging parameters in (3.13) we get that

(009)(F) = 6(F)o(F) = (¢00) (Fe),
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whence it follows that the multiplicative convolution is commutative for Fy. Since every sym-
metric polynomial is an algebraic combination of polynomials F; and each function of Hs(¢;)
is uniformly approximated by symmetric polynomials, then the convolution operation is com-
mutative. Analogously, ¢ is associative since

(¥O(900)) (Fe) = ¥(Fe)p(Fe)0(Fr) = (9 09)00)) (Fr)-
Also from (3.13) it follows that the cancelation rule holds and dy,, where xo = (1,0,0,...), is
the identity. O

In [7] it was constructed a family {¢) : A € C} of elements of the set M (/) such that
Ya(Fp) = A and ¢ (Fc) = 0 for k > p. Let us recall the construction: Consider for each n € N,

1/
the element v, = <A> ’ (e + -+ +ey) for which F,(v,) = A, and lim, F;(v,) = 0 for j >

n
p. Now, the sequence {d,, } has an accumulation point ¢, in the spectrum for the pointwise
convergence topology for which i, (F;) = 0 for k > p that prevents ¢, from being invertible
because of (3.13).

Remark 3.43. The semigroup (My;(€,), ®) is not a group.
Recall that for any ¢,0 € My (¢,) and f € Hp(€,), the symmetric convolution ¢ x 6 was

defined in [6] as follows:
(9x0)(f) = ¢(Ty(f)),
where T (f)(x) = f(xey).
Proposition 3.44. For arbitrary 6, ¢, € Mys(£,) the following equality holds:

00(¢x ) = (00¢) x (009).
Proof. Indeed, using Theorem 3.42 and [7, Thm 1.5], we obtain that
((609) x (009))(F) = (009)(F) + (00¢)(F) = 6(Fc)p(Fi) + 0(Fe)p(Fi)
= 0(F)(o(F) +¢(F)) = 0(F) (@ * ) (F)
= 00(¢*9)(Fy).
]
Corollary 3.45. The set (Mys(£p), O, *) is a commutative semi-ring with identity.

A linear operator T : Hys(¢p) — Hps({p) is called a multiplicative convolution operator if there
exists 0 € Ms(¢y) such that Tf = 60 f.

Proposition 3.46. A continuous homomorphism T : Hys(€,) — Hps(£p) is a multiplicative convolu-
tion operator if and only if it commutes with all multiplicative operators My, y € £y.

Proof. Suppose that there exists § € M,(¢p) such that Tf = 60 f. Fixy € £,. Then

[T o My)(f)(x) = [T(My(f))](x) = [OMy (f)](x) = O[Mx(My(f)] = 6[ Moy (f)]-
On the other hand,
[My o T](f)(x) = [My(Tf)](x) = Tf(xoy) = (60f)(x 0y) = 6[Mxoy(f)]-
l

Conversely, for xg = (1,0,0,...) we put = dy, o T. Clearly, 8 € Ms(¢,). Let us check that
X

g(=)9<>f~1ndeed/ (00f)(x) = 0[Mx(f)] = [T(Mx(f))](x0) = [M ((S))];Z 0) = Tf(xp0x) =
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Theorem 3.47. A homomorphism T : Hys(£p) — Hps(Lp) such that T(F.) = arF, k > [p], is
continuous if and only if there exists ¢ € My({p) such that ¢(F) = ar, k > [p].

Proof. Let ¢ € Mys(£) with ¢(F) = ai. Then

(9pOF)(x) = ¢(Mx(Fy)) = ¢ (FeFi(x)) = axFi(x).
Thus if Tf = ¢Of, T defines a continuous homomorphism and T (Fy) = aiF.
Conversely, if such homomorphism T is continuous, then clearly T commutes with all M,,.
By Proposition 3.46 it has the form T(f) = ¢Of for some ¢ € My ({,). Thus, T(F) =
@(F¢)Fr(x) = agFy, hence ¢(F) = ay. O

Proposition 3.48. The identity is the only operator on Hys(¢p) that is both a convolution and a multi-
plicative convolution operator.

Proof. Let T : Hps(£y) — Hps(£p) be such an operator. Then there is § € M;,(¢,) such that
Tf = 0x f and T commutes with all M. In particular we have for all polynomials F, k > [p],
that

My (TF,) = My(6 » F) = My(6(F) + F) = 6(F) + My(F) = 6(F) + F(y) B and
T(My(F)) = T(Fc(y)Fe) = Fe(y)60 x Fe = Fe(y)(6(Fx) + F) coincide.
Hence 0(F;) = Fi(y)0(Fy), that leads to 6(F;) = 0, that in turn shows that 6 = &, or in other
words, T = Id. OJ

3.7. THE CASE OF /1 [8]

In this section we consider the algebra #,(¢1). In addition to the basis {F, }, this algebra has
a different natural basis that is given by the sequence {G,} :

o0

Gu(x) = ), Xk X,
ky <+ <ky
and Gy := 1.
According to [7] Lemma 3.1, ||G,|| = 3, so it follows that for every ¢t € C, the function

Yoo t"Gn € Hyps(¢1) and that such series converges uniformly on bounded subsets of ¢;. Thus
if o € Mys(41),

G(9)(H) = o( L #"Ga) = X t"0(Gn
n=0 n=0
is well defined and as it was shown in [7, Proposition 3.2], the mapping

¢ € Mys(t1) % G(9) € H(C)

is one-to-one and ranges into the subspace of entire functions of exponential (finite) type.
Whether G is an onto mapping was an open question there that we answer negatively here,
see Corollary 3.52, using the multiplicative convolution we are dealing with.

Observe that for every a € C,

(Fn.0 12 1Gr) () = M 12 G (0,0,0,..) = (1 1'Gi)(x e (2,0,0,..)

n=0 n=0
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=) t"Gu(ax) = ) t"a"Gy(x)
n=0 n=0

Therefore,
(e ) o0

G(@03(400,.))(t) = @(}_ t"a"Gy) = }_ t"a"9(Gu).

n=0 n=0
According to [7, Theorem 1.6 (a)], 6(4,0,0,...) *0(5,0,0,..) = O(a,b,0,0,..) consequently using Proposi-
tion 3.44 and [7, Theorem 3.3 (2)],

G(9Od(ap00,.)) () = g(((P<>5(a,o,o,... ) * (900 b,0,0,...))) () = G(900(4,00,.)) (1) G (@O (p0,,.)) (t) =

Z t"a" o(Gy) - 2 """ (Gy).
n=0
Therefore,

g((P<>5 Xl X2,...,X

0 H Z t'xl o(Gp).

Further since the sequence ( § is pointwise convergent to ¢ in My (41
q (x1,%2,0-,%m,0,...) " P g (X1,X2,00 /X1

we have, bearing in mind the commutativity of ¢, that the sequence <4’<>‘5(xl,xZ,...,xm,O,...)) is
m

pointwise convergent to ¢9Od(y, 1, x,,...)- Thus
G(pOdy)(t) = H Z t"x 9(Gy) forx = (x1,x2,...,%m...) € (1. (3.14)
k=1n=0

For the mentioned above family {¢, : A € C}, it was shown in [7] that G(1,)(t) = M.
Further, it is easy to see that

(1) PA09(F) = Ag(F).
2) Pr09(F) =0, k>1.
(3) G(Pr0p) = MR,

The following theorem might be of interest in Function Theory.

Theorem 3.49. Let ¢(t) and h(t) be entire functions of exponential type of one complex variable such
that g(0) = h(0) = 1. Let {a, } be zeros of g(t) with ) ;" 4 \al_,,| < oo and let {by,} be zeros of h(t) with
Yot ﬁ < oo. Then there exists a function of exponential type u(t) with zeros {anbm }nm, which can
be represented as

w@ =TI Y (=)@ =TT X (- ) su®
e A Y e A
Proof. By [7], g(t) = G(dx)(t) and h(t) = G(J,)(t), where x,y € {1, x, = —%, Yn = —%. So
u(t) = G(6x0dy)(t) and using (3.14) we obtain the statement of the theorem. O

Letx = (x1,...,Xy,...) be asequence of complex numbers such that x € {1, foreveryd > 0,

) X

1<1f

A

lim sup n|x,| < oo, lim sup
n—o00 r—00

(3.15)
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(think for instance of x;, = (72 ) n) and A € C. Let us denote by 6, ,) a homomorphism on the

algebra of symmetric polynomials Ps(¢;) of the form

(ee]

Sy (F) =27, SpnF) =Y x, k>1

n=1

Recall that according to [14, p. 17], lim sup,,_, . #|x,| coincides with the so-called upper density
of the sequence (%) that is defined by lim sup, _, #, where n(r) denotes the counting number
of (xl—n), that is, the number of terms of the sequence with absolute value not greater than r.

Proposition 3.50. [7, Proposition 3.9] Let ¢ € M (7). Then the restriction of ¢ to Ps(¢1) coincides
with 6,y for some A € C and x satisfying (3.15).

Actually, thanks to [1, Theorem 1.3] such sequence x is unique up to permutation.

Theorem 3.51. There is no continuous character of the form o, in the space Mys({1), where
. 2 Cn
0 = {Cl,E,...,;,...},
and |ci| = 1 for each k.

Proof. Assume otherwise, i.e., d(, 1) is the restriction of some ¢ € Mys(¢1). Then by (3.13),

(909)(Ee) = p(Fe)? = (il k) - (i k) (i ’a) — Y (owom)

m=1 n,m=1
Therefore the sequence (VnUm)nm = vov = s, s, up to permutation, the one appearing in
Proposition 3.50, so it must satisfy condition (3.15), that is, the sequence of the inverses has
tinite upper density.

Denote by d(m) the number of divisors of a positive integer m. Then in the sequence |s| of
absolute values each number with absolute value 1/m can be found d(m) times. So |s| can be
rearranged, if necessary, in the form

m
In particular, the index of the last entry of the element with absolute value % is Z d(n). Hence
n=1
for the sequence of the inverses and their counting number n(m), we have n(m) = Y. ; d(n).
From Number Theory [2, Theorem 3.3] it is known that

i d(n) =mlnm+2(y —1)m+ O(v/m),
n=1

where 7 is the Euler constant. So we are led to a contradiction because

, n(m) _ . mlnm .
limsup —— > limsup = limsupInm = co.
m—soo m m—soo m m—oo
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Corollary 3.52. There is a function of exponential type g(t) for which there is no character ¢ € Mys(41)
such that G(¢)(t) = g(f).

Proof. It is enough to take a function of exponential (finite) type whose zeros are the elements
of the sequence

{l} ={-1,2,...(-1)"n,...}.

On
Such is, for example, the function

o) =TT (1+ -1y e (=177 )

1 n
U

Every ¢ € My (1) is determined by the sequence (¢(Fy)), that verifies the inequality
limsup,, |¢(Fu)|'/™ < R(g@) because ||Fy|| < 1. As a byproduct of Theorem 3.51, we notice
that the condition lim sup,, |an|!/™ < 0o, does not guarantee that there is ¢ € M,(¢1) such
that ¢(Fy) = ay, : Indeed, leta,, = ), # for m > 1 and arbitrary a;. Then the sequence (ay,)

is bounded, so limsup,, |a,|'/™ < 1, and if there existed ¢ € Mys(¢1) such that ¢(Fy) = ay, it

would mean that for the sequence x := (1), ¢(Ey) = ¥, -5, 0 O(xa1) = Plpuier”
: N

Question 3.53. Can each element of M, (/1) be represented as an entire function of exponential
type with zeros {a,}$° ; such that either {a,} = @ or }_)7 ; % < 00?

an|
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CrarTs MiCTUTB OIJIsI OCHOBHUX PE3Y/IbTATIB PO CIEKTPH ajredp CUMeTPUIHUX TOJIOMOP(MHUX PYHKILIH
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