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Approximation characteristics of the Nikol'skii-Besov-type
classes of periodic functions of several variables in the
space B,

Fedunyk-Yaremchuk 0.V.™ Hembars’ka S.B.}, Romanyuk I.A.l, Zaderei P.V.2

We obtained the exact order estimates of approximation of periodic functions of several variables
from the Nikol’skii-Besov-type classes B?’G by using their step hyperbolic Fourier sums in the space
B;,1. The norm in this space is stronger than the Ly-norm. In the considered situations, approxima-
tions by the mentioned Fourier sums realize the orders of the best approximations by polynomials
with “numbers” of harmonics from the step hyperbolic cross. We also established the exact order
estimates of the Kolmogorov, linear and trigonometric widths of classes B,% in the space B, for
certain relations between the parameters p and .
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Introduction

In this paper, we continue to study the approximation characteristics of the Nikol’skii-
Besov-type classes B?ﬁ of periodic functions of several variables in the space B;1, 1 < g < o,
which norm is stronger than the L;-norm.

As noted in works [3,7-10, 12, 14, 16, 21, 27, 33-35, 37, 38, 43], the motivation to study the
approximation characteristics of functional classes B,y and their generalizations ng in the
spaces B, 1, g € {1, 00}, was the fact, that the questions of their orders in the spaces L1 and L
still remain open in some important cases. We also have a similar situation in the spaces L;, 1 <
g < oo (see [5,23,44]). In this regard, we note that in the one-dimensional case the considered
approximation characteristics of the classes B, ; and By in the space By1, 1 < g < oo, were
studied in works [11,36]. This will be discussed more detailed in the comments to the obtained
results.

The paper consists of two parts. In the first part, we obtained the exact order estimates of
approximation of functions from the classes ng in the space B;1,1 < g < oo, by their step
hyperbolic Fourier sums. In addition, the orders of the best approximations of the mentioned
classes of functions by polynomials with “numbers” of harmonics from the step hyperbolic
cross are also established.
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The second part of the paper is devoted to obtaining the exact order estimates of the
Kolmogorov, linear, and trigonometric widths of the classes B% in the space B, 1 for certain
relations between the parameters p and 4. It was found that in the considered situations the
orders of all mentioned widths are realized by their approximations by step hyperbolic Fourier
sums that contain the necessary number of harmonics.

1 Functional classes Bge and spaces B, 1

Let R be a d-dimensional space with the elements x = (xy,...,x,;). Denote by (x,y) =
X1Y1 + . .. + x4y, a scalar product of the elements x,y € RY. Let Lp(Td), T = H}-izl [0,277), be
the space of functions f that are 27r-periodic in each variable and for which

1/p
ey cao o= Ul o= (@) [ 1F P ) <o, 12 p<on
Iy = 1l = esssup )] < oo

xeT

In what follows, we assume that f € L,(T“) satisfy the condition

271
0 f(x)dx] = 0/ ] = 1rd/

and the set of such functions will be denoted as Lg(Td). In addition, for convenience, we will
use the notation L, instead of L,(T?) and, accordingly, L} instead Lg(Td).

Let us define the /th difference of the function f € Lg, 1 < p < oo, with the increment hj of
the variable x; according to the formula

1

A;l]f(x) = Z (—1)l’”C?f(x1, cees Xjo1, Xt Tlh]‘, Xjt1s vy Xg)-
n=0

For f € L91 < p < oo, h = (hy,...,hy) and t € ]Rfi, let us introduce the mixed Ith
difference

A;’lf(x) = A;’ll ttt Ag’ldf(x) = A;’ld(' . (Ag’llf(x)))
and define the mixed modulus of continuity of /th order by

(f,t)p = sup [|ALFC)lp-
kil <t;
j=Td

Let Q(t) = Q(t4, t2, ..., t4) be a given function of the type of mixed modulus of continuity
of the Ith order. This means that the function Q)(t) satisfies the following conditions:

1) Q(t) >0,t;>0,j=1,d, and Q(t) =0 if H}’:l tj=0;

2) Q(t) increases in each variable;

3) Q(mltl, mth, .. .,mdtd) < (H?:l m]‘)lﬂ(t), m] - N,j = 1, d}

4) Q(t) is continuous att; > 0,j = 1,d.
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Following S.N. Bernstein [4], a single-variable function ¢(7) will be called almost increas-
ing (almost decreasing) on g, ], if there is a constant C; > 0 independent of 7y and 1, such
that ¢(71) < Cio(m), a < 71 < T < b, in the “almost increasing” case and, accordingly,
p(11) > Crp(r),a <1 <1 <b,Cy >0, in the “almost decreasing” one.

We assume that the function Q(t), t € IR‘i, also satisfies the following conditions (S*) and
(S;), which are refferend to as the Bari-Stechkin conditions [2,41].

A single-variable function ¢(t) > 0, T € [0,1], satisfies the condition (S%) if ¢(7)/T"
almost increases at a certain & > 0.

A function ¢(t) > 0, T € [0,1], satisfies condition (S;) if ¢(7)/T” almost decreases at a
certain 0 < vy < I,1 € N.

In the case d > 1, they say that Q(t), t € ]R‘i, satisfies those conditions in each variable t
at fixed t;, i # j.

Now let us define the functional classes ng (B;",(9 in the one-dimensional case), which were
considered by S. Youngshen and W. Heping [47].

Let1 < p,0 < o0, and a function Q)(f) be of the type of mixed modulus of continuity of the
Ith order, which satisfies conditions 1) —4), (5%) and (S;).

Define the classes

Bai={f € 19: Ifllgn, <1},
where

1fllpe, = {/Td (M)eﬁ@}w, 1<0<w, |fllgp, = sup Yty

0 )45 /A0

Note thatif r = (r1,...,74),0 < rp<lj= 1,d,and Q(t) = H?Zl t;j, then the classes ng
coincide with the analogs of Besov classes B;/e, which were considered in the works [1, 18].
Furthermore, if 6 = oo, the classes B;/OO = H; are analogs of the Nikol’skii classes [19]. The
classes B%oo =H 19 were considered by N.N. Pustovoitov [22].

In the following considerations, it will be convenient to use a slightly different definition of
the ng classes. For this purpose, recall the concept of order relation.

For two non-negative sequences (a,)5" ; and (b,);>_; the relation (the order inequality)
a, < b, means that there exists a constant C3 > 0 that is independent of n and such that
ay < Csby. The relation a,, < by, is equivalent to a, < b, and b, < ay,.

Let us put every vector s € N? in correspondence with a set

p(s) :={kez: 251 < |kj| <2%, j=1,d}

and, for f € 191 < p < oo, put

5(f) = 6s(f,x) = ) Flk)e™,
kep(s)
where f(k) = (271) 4 Jpa f (t)e~ikt) dt are the Fourier coefficients of the function f.
Hence, for f € ng, 1< p<oo,1<0 < oo, where O)(f) is a given function of the type of
mixed modulus of continuity of the /th order, which satisfies conditions 1)-4), (5%) and (S;)
the relation

0/ 1/6
”NQV{ngoﬂzm@mw),lse<w
B, —~ _
po supgen [10s(f) [/ Q(27%), = 00,
is valid. Hereafter, 0(27°) = ((27%1,27%2,...,27%),5; € N, j = 1,d.

(1)
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Note that the case 1 < 6 < o0 in (1) was considered in [47], and the case 6 = oo in [22].

For the norms of functions from the classes ng, it is possible to write mappings similar to
(1) with slightly modified “blocks” és(f) in the cases p = 1 and p = co.

Let Vi, (t),m € N,t € R, denote the de la Vall’ee-Poussin kernel

2m—1 —k
cos kt.

m
Vin(t) =142 ) coskt +2
k=1 k=m+1

We put every vector s € IN in correspondence with the polynomial

Ag(x) ==

—.

(Vysi (%) — stj—l (xi)), x€ RY,
j=1

and, for f € LY,1 < p < o0, put As(f) := As(f,x) = (f * As)(x), where * is the convolution
operation. Then the following relation

1 1ls, = {@sew 0@ ) A(AIIH", 1< <,

—s (2)
SUPg N ”As(f)HP/Q(z )r 0 = oo,

is valid.
Note that the case 1 < 6 < oo in (2) was considered in work [40], and the case § = oo in [22].
Below we will consider the classes ng (or B;G if d = 1), which are determined by a function
of the type of mixed modulus of continuity of the /th order possessing a special form, namely,

Qt) = w(}lﬁt]), 3)

where w(T) is a given single-variable function of the type modulus of continuity of the /th
order, which satisfies conditions (5%) and (S;).

It is clear that for Q)(f) in form (3), the properties 1)—4) of the function of the type of
mixed modulus of continuity of the Ith order, as well as conditions (5*) and (S;), are obeyed.
Therefore, mappings (1) and (2) presented above are valid for the norms of functions from the
B?ﬁ classes.

Define the norm | - ||, , in the subspaces By; C L9,1 < g < oo,by 1tllB,, = Lsene [[As () g
(the sum contains a finite number of terms), where ¢ is a trigonometric polynomial with respect
to the trigonometric system {ei(k'x) Freezd-

Similarly we define the norm for functions f € Lg, such that the series Y, . || As(f) |4 is
convergent, namely

”fHBq,l = Z ”AS(f>”qr 1<g<oco
seN?
Note, that in the case 1 < g < oo the relation |||, =< Ysene [[d5(f)|[q holds.

For f € B;1,1 < g < oo, the following relations

1A llg < WfllB,.r f1By, < M1f B, << [1£ 1B,

hold.
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2 Approximation by the step hyperbolic Fourier sums and best approxima-
tion

Let us define the approximation characteristics that will be investigated in this part of the
paper.

Forn € N and s € N? we set Q, := Ujjs|<n 0(s), where [|s[|; =s1 + ... +s4.

The set Q, is called the step hyperbolic cross. For the number of elements of the set Q,,, the
following equality |Qy| =< 2"n4=1 holds (see, e.g., [5,Ch.2, §2.3]).

Next, we will consider the sets of trigonometric polynomials

T(Qp) = {t H(x) = Y ae®,q e Cx e R}
keQﬂ

and for f € LY(T?) we put Sp, (f) := So, (f, x) = YkeO, Flk)eikx), x e RY.
Polynomials S, (f) are called step hyperbolic Fourier sums of the function f. According
to the notation considered above, Sp, (f) can be expressed in the form

So,(f) = Z 5s(f) = Z Js(f, x).
slli<n [Isll1<n
Taking into account the sets of trigonometric polynomials defined above, consider the fol-
lowing approximation characteristics.
Let X be a normed functional space with the norm || - ||x. For f € X we define by
Eqg,(f)x := inficr(,) |If — tl|x the best approximation of the function f by polynomials from
the set T(Q;). Accordingly, for the functional class F C X we set

Eq,(F)x :=sup Eq,(f)x- (4)
feF

In addition to values (4), we will consider approximation characteristics

Eq,(F)x :==sup&q,(f)x :=sup||f —Sq,(f)lx- (5)
feF feF

The quantities (4) and (5) for the Nikol’skii-Besov classes B;ro,f? and their generalizations ng
in the space X = L, were investigated in many papers (see, e.g., [22,24,25,39,40,47]). A more
detailed bibliography can be found in the monographs [5,23,42,44].

In this part of the work, we will obtain the exact order estimates of quantities (4) and (5) for
the classes Bi’)ﬁ in the space B;1, 1 < p,q < oo.

In the following considerations, the relations between the quantities Eq, (f)s,,, £q,(f)s
1 < g < oo, will be significantly used.

Let Sg, be the Fourier operator, which puts in correspondence to a function f € B,
1 < g < o0, its step hyperbolic Fourier sum S, (f), i.e. S, f := So, (f)-

It is easy to see that the norm of the operator Sp, that maps B, into B;;, 1 < g < oo,
(denoted as S, [, —5,,) is bounded.

According to the definition of the norm of the operator, we have

1SQull5,1~8, = sup [ISq,(Flls,, =< sup Y [16:(Sq, ()l

118, <1 118, <1 seNd

— sup Y &l sup X Il < 1.

I£1B, =1 [Is]l1<n I8, ;<1 seNd

q.17

(6)
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Next, let t* € T(Qy) be the polynomial of the best approximation of the function f € By ;.
Then, taking into account that Sp, (#*) = t* and using (6), we can write

€, (B, = Ilf =S, (Hlle,, = If =t"+t" = Sq,(f)lB,,
<|f=t"llp,, + It" = Sq,(F)lls,, = lIf = t*[lB,x + IS0, (f) — t*|B,,

R . . )
=[If =t"lls,, + IS0, (f —=t)IB,, < Eq,(f)B,, +1ISq,llB,1—B,[lf — 1B,
< Eq,(f)B,, +CaEq,(f)B,, < Eq,(f)s,,-
Directly from the definitions, for f € B;1 we have
Eq, (), < €Q.(f)B,,- (8)
Hence, comparing (7) and (8) we get Eq, (f)s,, = €q,(f)B,;, 1 < ¢ < co.

Let us proceed to the formulation and proof of the obtained results.

Theorem 1. Letd > 2,1 < p < oo,1 <6 < oo, and Q(t) = w(]—[}izl t]-), where w(T) satisfies
condition (S*) with some « > 0 and condition (S;). Then the following relations hold:

€0,(Bpo)s, = Eq,(B)p)s,, = w(2 "n'*VI7L0. ©)

Proof. Let us obtain the upper estimate in (9) for the quantity &g, (B;)9>Bp,l’ from which, ac-
cording to the definitions (4) and (5), the necessary estimate for the best approximation of
Eo, (B?/Q) B,, will follow.

Therefore, for an arbitrary function f € B’%, taking into account the definition of the norm
in the space Bp,l, we can write

If = Sa, (N, =

Y. ()

= Z As x Z 55’(]:)

lIslly>n Byp  seNd s'€IN9 p
[s'l1>n+1
< Asx ) (N < Y AL Y ()| =h
[sli>n—d [s—5"llo<1 P slhizn—d [[s—sllo<1 p
(10)

To further estimate the quantity I;, we note that according to the relation || Vos ||, < 2s(1=1/p),
1 <p <oco,sc]N(see e.g.,[42, Chl, §l]), we have
[As]l1 = [[Vas = Vosa[ls < [[Vasly + [[Vasa 1 < G5,
and therefore for s € N“ we get
| Asll1 < Ce. (11)
Thus, taking into account (11) we can write

L < Z Z ‘Ss’(f)

[slizn—d 1 |ls—s'[[o<1

< Y e Dllp = L. (12)

P lslh=n—2d

Next, we consider several cases depending on the values of parameter 6.
1. Let 6 € (1, ). Applying the Holder inequality, we obtain

1/0 1/6
w02~ Iy 8, ( )10 W (27 sl
12§<|s|12§n2d (2 )H<5(f)|!p> < )3 (2 ))

Isl1>n—2d
1 e (13)

<l © w9’<2'5'1>)1/9’<<( L of@kh) -,

" Mlslhzn—2d [[slli=n—2d
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where1/0 +1/60" = 1.
We denote n — 2d = m. Taking into account that
w(Z_HSHl) w(2™m)
—— < ,
2—«|sllx —am
the estimation (13) can be continued as follows

— /0 1/6’
w(2 m) _ / ! (2 m /
I 7~ lls[la6 n—jab
3 < S <||§m o | 21

jzm Islli=j

C7 > 0, HSH1 > m, (14)

= 2 — <22 ]ocO d— 1) < w(zfm)m(dfl)(lfl/O).
jzm
2. In the case § = oo, we may write
)
L < sup HS(—# Z w(Q—Hslh) < ”f”BQoo Z w(Q—Hslh)
silsy=m @271 =, g Hs\|1>m
sty alsfly — ja
< Y w2 <<2 22 22 Yy 1 (16)
l[sll1=m Islly=m jzm lIslla=j
(2 m 22 ]ad 1<<w(2 )mdfl
=z :
]>m
3. If 0 = 1, then taking into account (14), the estimate of the quantity I is as follows
L< sup w(@ Iy Y w Iy s,
s:lslli=m [Islly=m (17)
< sup w(2” Hslh)||f|y o < sup w(2” Islhy <« w(27™).
s:[lslly=m s:[[slly=m

Thus, combining (10), (12), (13), (15)—(17), we obtain the required upper estimate for the

quantity &g, (ng) By
The lower estimates in (9) follow from the estimate of the corresponding approximation
characteristic in the space Bj ; obtained in [13].

Theorem A ([13]). Letd > 2,1 < p,0 < oo, and Q(t) = w(]—[}i:l t]-), where w(T) satisfies
condition (S*) with some « > 0 and condition (S;). Then the following estimate
EQ, (Bpg)py, = w(2 ")l 10170 (18)
is true.
Hence, using the estimate (18), we can write
an( pG)B 1 = EQn(B ) > EQn(Bp())Bll - w(27n>n(d71)(171/0)'
U
Let us comment on the obtained result by quoting a well-known statement concerning
quantity £g, (ng)p.

Theorem B ([47]). Letd > 2,1 < p < 00,1 < 6 < o0, and QU(t) = w(l_[?zl t;), where w(7)
satisfies condition (S*) with some « > 0 and condition (S;). Then the following estimate

£q,(BYg)p < w(@ M)l V/p=1/6): )
is true, where 1/p* = max{1/p;1/2}, a; = max{a;0}.
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Remark 1. Analyzing the proof of Theorem B, we can argued that the estimate (19) is also
valid for the best approximation Eq, (ng)p.

Thus, comparing the results of the Theorem 1, Theorem B and taking into account the
Remark 1, we come to the following conclusion.

Except for the case 8 = 1, the corresponding approximation characteristics of the classes
BSG in the spaces B, 1 and Ly, 1 < p < oo, are different in order. As for the one-dimensional
case, it was established in [11] that the considered approximation characteristics of the classes
B;ie, 1< p<oo,1<60 < oo, in the spaces Bya and L, have the same orders.

To obtain the orders of quantities EQH(B?,Q) B, and an(Bge)Bq,l forl < p < g < o0, we
formulate an auxiliary statement.

Theorem C. Let t(x) = Yjki|<n; cee'®¥), where x € RY, k € 2%, n € N, ¢, € C. Then for
1 < p < g < co the following inequality holds:

1/p-1/
tH|, < 29 : N qt 20
g < |BE ][ p- (20)
j=1

Inequality (20) was established by S.M. Nikol’skii [20] and referred to as the inequality for
different metrics.

Theorem 2. Letd > 2,1 < p < g < o,1 <0 < oo, and Q(t) = w(]_[?zl t;), where w(t)
satisfies condition (S*) with some « > 1/p — 1/q and condition (S;). Then the following

relations hold:
€0,(BJo)B,, = Eq,(Big)s,, = w(2 )2 1/ p=1/a)y(@-D=1/6) (21)

9.1

Proof. Let us prove the upper estimate in (21) for the quantity £q, (BSG) B,,- For this purpose,
we will use the same considerations as when establishing the estimate of the quantity I,. Thus,
also using the inequality (20), we can write
If =S Pls, < L 16fla< L 2B Vo), =1 @)
Isl1=n—2d l[slly>n—2d

Next, we will consider three cases.

1. Let 8 € (1,0). Applying the Holder inequality and taking into account that
«>1/p—1/q, we have

1/6
we( L wrtetsmng)
[sll1=n—2d

1/6
o (2|s|1)2|s|19'<1/p1/q>>
[Isll1>n—2d

1/6'
0’ (o=lIslltyollsll0"(1/p—1/9)
<y, ( T oflhy )

" M lsllhizn—2d

1/6'
S< 3 w9’<z|s|1>2|s|1e/<1/p1/q)>
||s||1>n—2d -

_ 1/6
< w2 ’”>< Y 2—|s|1a9'2|s|19'<1/p—1/q>>

D—am
[[slli=m

_ /0

w(2 ’”)( i (e a1\

- 2’2 70" (w 1/p+1/q)]d 1
D—am S

< w(27mM)2m 1/ p=1/0)py (d=1)(1-1/0)
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2. In the case § = oo for the quantity I; we get

L< sup 12Vl 5o omtshplsh /-1 oy o2 lelhyle/n-1/4)

" slslzm @@l = sl
271’”
< wz(m) Y o-lshet/paaz — WC) s i1y v (24)
Isflizm fm e
_ wz(z—m) Y 2 P/ A1 (g (L p1/a) 1
—m
o

3. If 0 = 1, then the estimate of the quantity 4 is as follows

I, < sup w(2 lslh)2lsh/p=1/q) Yy w2 Islly |6 Al

sillslhzm Isflr=m
2—m
< sup (@ Ish)lsh(/r-1/9) « wz(_m> sup 2~ lslhe=1/p+1/g) (25)
sillslhzm silsl=m

= (2 (1/p-1/g),

Therefore, combining (21)—(25), we get the upper estimates in (21).

To establish the lower estimates in (21), we construct extremal functions that realize the
orders of the obtained upper estimates.

Consider the functions

g1(x) = Cgw(27M)27"0=Vp)y=[@=1/0g (x), 1<0 <o, Cg>0,
22(x) = Cow(27M)27"1-1V/P)d, (x), 6 =00, Co>0,

where dy (x) = ¥g.|js||,=n Zkep ik,

Let us show that g; € B 1 <6 < oo, and g € BQOO with a certain choice of constants Cg
and Co.

First,let 1 < 6 < co. Then, according to the definition of the norm in the space B’%, we can
write

pb’

1/0
Il = (| @ @ lstsol)

lIslli=n
1/6
=@M ey ot @) e
Islli=n
1/0
Sl (D ol LXCATH R S

Isll1=n
Next, using the the well-known relation
i eikx
k=—m

(see, e.g., [40, Ch.1, §1]), we have

= m!=1/p, l1<p<o, x€eR,
P

165 (dn) |l = 21 0=1/P), (27)
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Then, taking into account (26) and (27), we proceed the estimation of the quantity I5 as follows

1/6
I = 2n(11/P)n(d1)/9< 2|s|1<11/p>e>

Islli=n

1/6
_ n—(d—l)/G( Y 1) = p—d=1)/6,(d-1)/6 _ 1

[Is[l1=n

(28)

Hence, from (27) and (28) it follows that g1 € B’%, 1 < 0 < oo, with the corresponding
constant Cg > 0.
Now let 8 = co. Then for the function g» we have

||5s(g2)||l7 - w(2—n)2—n(1—1/p) su ”55(5111)”]7 =1

||g2||B?,9 = Seup w(z_Hsul) —~ L.

sened @ (27 l) Islly=n

Thus, g» € BQOO with with some constant Cg > 0.
Now, taking into account that S, (¢1) = 0 and using the relation (27), for 1 < 6 < oo we
can write

E0,(81)5,, = lIg1llp,, = w(@ )2 "A=1/Py=(-1/0 F olsli(1-1/g)

[[slly=n

= w(Z_”)z—”(l—l/P)n—(d—l)/92n(1—1/q)nd_1 (29)
= w(27 )21/ p=1/0)y(d-1)/(1-1/8)

Similarly, for the function g», given that S, (g2) = 0, we get

£0,(82)8,, = llg2llp,, = w(@ )2 /P a)yd=1, (30)
Hence, from (29), (30) we obtain the required lower estimates for the quantities Eqy, (329)&1/1
and &, (Bi?@) Byi- O

To compare the obtained result with estimates of the corresponding approximation charac-
teristics in the space Lg, we formulate a well-known statement about this space.

Theorem D ([47]). Letd > 2,1 < p < g < oo, 1 <0 < o0, and Q(t) = w(l_[?zl t;), where
w(T) satisfies condition (S*) with some« > 1/p — 1/q and condition (S;). Then the following
relations

EQn(BSQ)q = an(Biﬂ),G)q = w(2—n)2n(1/p—1/q)n(d—1)(1/q—1/9)+ (31)
hold, where a; = max{a;0}.

Thus, comparing the estimates (21) with (31), we observe differences (except for the case
6 = 1) in the orders of the corresponding approximation characteristics of the classes BSG in
the spaces B, 1 and L;. Note also that these differences have multidimensional specificity, as
they are not observed atd = 1 (see [11]).

At the end of this part of the work, we present one more result that is relevant to the case
1<g<p<oco

Theorem 3. Letd > 2,1 < g<p <o00,1 <6 < oo, and Q(t) = w(l_[;izl t;), where w(t)
satisfies condition (S*) with some « > 0 and condition (S;). Then the following relations hold:

£0,(B)B,, = Eq,(BJ)s,, < w(2™")n(@-10-1/0) (32)
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Proof. The upper estimates in (32) follow from the Theorem 1. Indeed, according to the relation
I llByy < |- llB,,, 1 < g < oo, it is enough to obtain the corresponding estimates in the case
1 < g < p < co. In addition, taking into account the embeddings Bg/e C B;?e C Bg}e, it
is enough to consider the case 1 < p = g < oo, using the estimates of the approximation
characteristics established in the Theorem 1.

The lower estimates in (32) are a consequence of the relation (18), i.e.

— (D)5 (A1) (1
EQH(BSQ)Bq,l Z EQH(BQQ)Bq,l Z EQn(B29)81,1 - (U(Z ”)n( 1)(1 1/9)'
[

Further we compare the result of Theorem 3 with the estimates of the corresponding quan-
tities in the space L.

Theorem E ([39]). Letd >2,1<g<p<oo,p>2,1<0<0co,and Qt) = w(Hle t;), where
w(T) satisfies condition (S*) with some« > 1/p — 1/q and condition (S;). Then the following
relations

Eq, (B%)g = Eq,(B)g = w(2)nld-D01/2-1/0)

hold, where a; = max{a;0}.

Under the conditions of Theorem E on the parameters p and g, the orders of the correspond-
ing quantities (except for the case 6 = 1) are different in the spaces L; and B, 1. In addition, it
is important to note that Theorem 3 also covers such values parameters p and q for which the
corresponding quantities in the space L; remain unexplored. As for the one-dimensional case,
the similar approximation characteristics of the classes B;ﬁe in the space B, 1 were studied in
the paper [11] and at the same time no differences were found in their orders compared to the
L, space.

3 Widths

In this part of the work, we will establish the exact order estimates of the Kolmogorov,
linear, and trigonometric widths of the classes B}/, in the space L for the cases 1 < p = q < o0
and 1 < g < p < co. At the same time, it will be shown that the orders of these approximation
characteristics are realized by the subspaces of trigonometric polynomials from the set T(Qj)
that contain the necessary number of harmonics.

Let W be a centrally symetric set in the normalized space X. Then the quantity

dy(W,X) :=infsup inf [[w—ux,
Ly wew u€ly
where L)y C X is a subspace with dimension M, is called a Kolmogorov width. The width
dp (W, X) was introduced by A.N. Kolmogorov [17].
The linear width of a set W in the space X is called the quantity

Amv(W, X) :=inf sup ||lw — Aw||x,
A wew
where the infimum is taken over all linear operators A which act in X and are such that the
dimension of the set of their values is at most M. The width Ay(W, X) was introduced by
V.M. Tikhomirov [45].
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It what follows, we define the approximattion characteristics that was introduced by
R.S. Ismagilov [15]. Let X = Lyor X = B;1,1 < g < oo,and F C Whbea functional class.
Trigonometric width of the class F in the space X (the notation d},(F, X)) is defined by the
formula
d;(F,X):= inf sup inf - %c-ei(kj')
M 1M, e e}, =
where {k]}M1 is a set of vectors K/ = (kfl, .. "k{j)' j = 1,M, from the integer grid Z¢, cj are
arbitrary Complex numbers. According to the introduced definitions of widths, the following
relations

4

X

dm(F, X) < Am(F, X), dm(F,X) <dj(F,X)

hold.

The history of research of defined widths of classes B, ; and ng in the Lebesgue spaces L,
1 < g < oo, can be found in works [6,13,24-26,28-32,39,40,47] and monographs [5,23,42,44,46],
and in the spaces Bj1,q € {1, 00}, respectively, in works [3,7,12,14,16,27,33-35,37,38,43].

Let us formulate the known statement that we will use.
Theorem F ([13]). Let1 < p,0 < oo, O(t) = w(Hle t;), where w(t) satisfies condition (S%)
with some « > 0 and condition (S;). Then for any sequence M = (My);;_; of natural numbers
such that the relation M < 2"n~1 holds, the following estimates are valid:

dpm (B porB11) < AM(Bp g, B11) =< dM(Bp o B11) = w(27")n(d"DA=1/0)
Let us proceed to the formulation and proof of the obtained results.

Theorem 4. Letd > 2,1 < p < oo,1 <6 < o0, and Q(t) = w(l_[?zl t;), where w(t) satisfies
condition (S*) with some « > 0 and condition (S;). Then for any sequence M = (M,)S_; of
natural numbers such that the relation M = 2"n%~1 holds, the following estimates are valid:

dwm (B, porBp1) =< )\M(Bp o Bp1) =< dM(Bp o Bp1) =< w (27" )p(@-10=1/6), (33)
Proof. The upper estimates in (33) for each of the widths are a consequence of the Theorem 1.
Choosing the number n € IN, n > 2d, such that it satisfies the relation M =< 214-1 and
using the estimate of quantity &g, (ng) B, (see [37]), we can write
(B, By1) < Eq,(BYy)s,, = w(2 ")n-D1-1/0),
Similarly, we can obtain upper estimates for the linear and trigonometric widths.
The lower estimates in (33) are a consequence of Theorem F and the relation
” ) ”Bq,l > H ) ”Bl,l’ 1<g<oo
U

To compare the estimates (33) with the corresponding results in the space L, let us formu-
late the known statement.
Theorem G ([47]). Letd > 1,1 < p < 00,1 < 6 < o0, and Q(t) = w(l_[?zl t;), where
w(T) satisfies condition (S*) with some « > 0 and condition (S;). Then for any sequence
M = (M,)%®_, of natural numbers such that the relation M < 2"n%"! holds, the following
estimates
dM(B;),e/L ) AM(BP 9/L ) - d]TA(B;),GI Lp) - w(2—n)n(d—1)(1/p*_1/9)+ (34)

are valid, where 1/p* = max{1/p;1/2},a; = max{a;0}.
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Thus, comparing (33) and (34) we observe that for d > 2 and 6§ # 1 estimates of the corre-
sponding approximation characteristics of classes ng in the spaces B, 1 and L, are different
in order.

Note that in the one-dimensional case, the mentioned differences in estimates of the corre-
sponding approximation characteristics are not observed [11].

Theorem 5. Letd > 2,1 < g < p < 00,1 < 6 < o0, and Qt) = w(l—[?zl t;), where
w(T) satisfies condition (S*) with some a« > 0 and condition (S;). Then for any sequence
M = (My)%_, of natural numbers such that the relation M < 2"n~! holds, the following
estimates

dy (B, By1) = Am(BSg, Bgt) < dis(Bilg, By1) < w(27 (- D0-1/0) (35)
are valid.

Proof. The upper estimates in (35) follow from the Theorem 3 under the condition M = 2"n4~1.
The result on corresponding lower estimates is a corollary of the Theorem F and the relation
W3y > - MlBy,, 1 < g < oo -

To comment on the obtained in Theorem 5 result, we recall the corresponding statement in
the space L.

Theorem H ([39]). Letd > 1,1 < g <2 < p < 0,2< 0 < o0,0r2<g<p< oo,
1 <6< o00,and Q(t) = w(]—[] 1tj), where w(7) satisfies condition (S*) with some « > 0 and
condition (S;). Then for any sequence M = (M,,)$’_; of natural numbers such that the relation
M = 2"n=1 holds, the following estimates

dy (B, Lg) = Am(Big, Ly) = djg(BYy, Lg) < cw(27")n(@-D/271/0) (36)

p.b’ p.b’

are valid, where a4y = max{a;0}.

Thus, analyzing the results of the Theorem 5 and Theorem H, we note the following.

First, the Theorem 5 contains a number of values of the parameters p, g, 6, for which the
Kolmogorov widths of the classes ng in the space L, remain unexplored. This applies to the
followingcases: 1 < g < p<2,1<0<00;1<g<2<p<o00,1<0<2.

Second, in the multidimensional case (d > 2) the estimates (35) and (36) (except for cases
2 < g < p<oo 0 =1)differ in order. The situation will be different if d = 1. As follows
from the results of the work [11] for all values of parameters p, g, 8, which are considered in
Theorem H (at d = 1), corresponding approximation characteristics in the spaces B;; and L,
have the same orders.
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Oaep>xaHO TOUHI 3a TIOPSIAKOM OIIHKM HabOAVDKEHHS ITepioAVIHMX (PYHKIIIV 6araThoX 3MIiHHMX i3
KAaciB BSB Ty Hikoabcbkoro-becosa ixaimMm cxiagactumu rinepborivammu cymamu @yp’e y mpo-
cropi By 1. Hopma y mpomy mpocTopi € 6iAbII cMABHOIO, HiX Lg-HOpMa. B posrasiHyTix curyauisix
HabAVDKeHHST 3rapaHumy cymamy @yp’e pearisyroTs MOPSAKY HaliKpalx HabAVDKeHb MOAiHOMa-
MI 3 “HoMepaMm” TapMOHIK 3i cxiagacToro rimepboaiuHoro xpecra. BcraHOBA€HO TakoX TOYHI 3a
MOPSIAKOM OLIIHK/ KOAMOTOPOBCHKIX, AIHIVHMX Ta TPUIOHOMETPUYHMX MONEPEYHNKIB KAACIB BSB y
IpocTOopi By 1 AASI A@SIKMX CIIiBBIAHOLIIEHD MiX ITapaMeTpaMu p i 4.

Kntouosi cnosa i ¢ppasu: xaac vy Hikoascbkoro-becosa, cxiauacro-rimepboaiuna cyma ®yp’e,
HaliKpallle HabAVDKEHHsI, IOIIePeYHIIK.



