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ON THE POSITIVE DIMANT STRONGLY p-SUMMING MULTILINEAR OPERATORS

BOUGOUTAIA A., BELACEL A., HAMDI H.

In 2003, Dimant V. has defined and studied the interesting class of strongly p-summing multilin-
ear operators. In this paper, we introduce and study a new class of operators between two Banach
lattices, where we extend the previous notion to the positive framework, and prove, among other re-
sults, the domination, inclusion and composition theorems. As consequences, we investigate some
connections between our class and other classes of operators, such as duality and linearization.
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INTRODUCTION AND PRELIMINARIES

The theory of summing linear operators returns to A. Grothendieck in the 1950s after that,
it was developed by A. Pietsch in 1967. Many authors have extended differents summabil-
ity concepts to multilinear operators. For example, V. Dimant in [6] defined the concept of
strongly p-summing multilinear operators. Next, D. Achour and L. Mezrag in [2] introduced
and studied the new notion called Cohen strongly p-summing multilinear operators, this last
notion was extended by D. Achour and A. Belacel to the positive linear case (see [1]) and, by
A. Bougoutaia and A. Belacel to the positive multilinear case (see [3]). In this way, our objec-
tive is to extend the concept of Dimant strongly p-summing multilinear operators to positive
framework, also to study its ties with other known classes of summability. On the other hand,
this work presents a continuation of the article [3].

We begin this section by recalling briefly some basic notations and terminology. Through-
out this paper, n and m are positive integers, X, Xy,..., Xy;, Y will be Banach spaces and
E,Eq,...,En F,G will be Banach lattices over K = Ror C. Let 1 < p < oo, and p* is the
conjugate of p, i.e., % + % = 1. We write X* to denote the topological dual of X. The closed
unit ball of X is represented by By. For a Banach lattice E, E™ will denote its positive cone,
let x* := sup {x,0}, x~ := sup {—x,0} be the positive part, the negative part of x, respec-
tively, and we have x = x™ —x~and |x| = x* + x~. The Banach space of all continuous
m-linear operators from X; x - - - X Xj; into Y endowed with the sup norm will be denoted by
L(Xy,...,Xm;Y) . Y =K, we write L(X1,..., Xn). Inthe case X1 = - - - = X, = X, we will
simply write £("X;Y) and an m-linear operator T : E; X - - - X E,;, — F is called positive if
T (x!,...,x™) € F*, whenever (x!,...,x™) € Ef x -+ x Ef.
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Q. Bu and G. Buskes in [4], and D.H. Fremlin in [7] introduced a lattice tensor prod-
uct, called the positive projective tensor product. The projective cone on the tensor product
E1® ---® Ey, is defined as

n .
Ef® - QE,, = {Zx}@---@x;”:x; €Ef, j=1,...,m, nG]N}.
The positive projective tensor norm on E; ® - - - ® E;,; is defined as

n o m . ) n
sl =it { S TT U5 € Efm e Nl < ol a7

i=1j=1 =1

for every u € E; ® -+ ® Ey. By El@\ﬁl .o ®‘H‘Em we will denote the complete positive
m-fold projective tensor product of Ej,...,E,; (Fremlin projective tensor product). Then
E1®\7T\ ®|H‘Em with the above norm is a Banach lattice; we will use the next notation
E=E@r - Oy Em.

Every T € E(El,.. ,Em; F) has an associated linear operator T; € L(E;F) defined by
Vxl € E+, i =1...m Tp(x'®@ --@x™) = T(xl,...,x™) (see [4] for details). Let
Sm : Ey X -+ - x Em —> E denote the canonical m-linear operator, that is 0y, (x1,...,x™) =
x1®---®xm.ThenT: TL © 6.

The adjoint of an m-linear operator T € L (X, ..., Xy; Y) is defined as follows

T Y — L(X1,. . X)),y — T () : Xy X -+ x Xy — K

with T*(y*) (x, ..., x™) = y* (T (x},...,2™)).
We denote by £}, (X) the space of all sequences (x;)/_; in X equipped with the norm

1) ll, = (ZH%H”)

and by £ ., (X) the space of all sequences (x;)"_; in X equipped with the norm

wyp ((xi)i1) = [1(xi)izq [l gn = sup (Z| Xi, >p.

p,weak §0€Bx* i—1

It is well known that for 1 < p < co and (¢;)i_, € ", Y*) we have

p*,weak (

1
(@)l pn. = sup (Z!qv (9] ) = sup [ @i (¥l -
P ,weak QDEBy** i=1 yEBy
Consider the case where X is replaced by a Banach lattice E, and define

nghveak\ (E) = {(xi) F(|xiDisy € eP weak (E)} .
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Let Bf, = Bg+ NE*T. If xq,...,x, > 0, we have that

H(xz )iz 1”@

— sup (fm,w)p-

v, |weak\( ) éEB;SL* i—1

The notion of strongly p-summing multilinear operators was initiated by V. Dimant in [6],
such that an m-linear operator T € L (Xj,..., Xu;Y) is strongly p-summing, 1 < p < oo, if
there exists a positive constant C such that for every le, xh e X;, 1 <j<m, we have

(; <x11""’x:‘n>Hp>?§C¢GBSHP (;)qo(x},...,xﬁ))p)?. (1)

L(X1,Xm)

The class of all strongly p-summing m-linear operators from Xj x - - - X X, into Y, which is
denoted by LI} ” (X1,...,Xm;Y), is a Banach space with the norm d;’fp (.), where d;’fp (T) is the
smallest constant C such that the inequality (1) holds. Furthermore, L. Mezrag and K. Saadi
in [8] showed that, T* belongs to the class of Cohen strongly p*-summing operators, then T
belongs to the class of strongly p-summing multilinear operators.

We recall some definitions that we need in the sequel.

Definition 1 ([1]). Let1 < p < co. An operator u : E — X is said to be positive p-summing if
there exists a constant C > 0 such that the inequality

n p
H”(xi)?:al < C[(xi) iz [l () = C sup (Z (i, x ) (2)
P lweak| weBl, \i=1
holds for every positive integer n and for all x1, ..., x, € E.
Forp = o0
sup [lu (xi)| < Cll(x)iallpn ()
1<i<n o, |weak|

We denote by IT;(E,X) the space of positive p-summing operators from E into X.
IT;(E, X) becomes a Banach space with norm 7, (.), 7t (u) is giving by the infimum of the
constant C > 0 that verify the inequality (2). We have I1f,(E, X) =L(E, X).

Definition 2 ([5]). Let 1 < p < oo. A continuous linear operator u : X — Y is strongly
p-summing if there is a positive constant C such that for all (x;){_; C X and (y)'_, C Y* we
have

/_S (xi), yi) | < Cll(x)isall, (Y*) "

The class of all strongly p-summing operators between X and Y is denoted by D,(X,Y).
The infimum of all the constants C in the inequality defines the norm d, (.) on Dy(X,Y). We
have D1(X,Y) = L(X,Y) the Banach space of all bounded linear operators from X into Y.

Definition 3 ([1]). Let1 < p < co. An operator u : X — F is positive strongly p-summing if
there exists a constant C > 0 such that for all finite setsn € N, (x;)!_; C X and (y});_, C F*

we have
n

Z u(x;),yi)| < CH (%)= 1H H yl)lllHE’;*,

l:

- ©)

\weak|(
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The class of all positive strongly p-summing operators between X and F is denoted by
Dy (X, F). The infimum of all the constants C in the inequality (3) defines the norm d; (.)
onD; (X, F).

Definition 4 (2]). Anm-linear operatorT : X; X - -- X X;; — Y is Cohen strongly p-summing
if and only if there is a constant C > 0 such that for any xl, .. xn €X;,1< j < m, and any
YiYa - Yp €YF

H<T( x), %> p =C < 2 L j)p;;lBriHy?‘ Wllen, - (4)

The smallest constant C, which is noted by d}/(T), such that the inequality (4) holds, de-
fines a norm on the space D} (X1,...,Xm;Y) of all Cohen strongly p-summing operators from
Xy X -+ x Xy, into Y which is a Banach space.

Definition 5 ([3]). Let1 < p < +o00. An m-linear operator T : X1 X - - - X X; — F,m € IN¥, is
Cohen positive strongly p-summing multilinear operator if there is a constant C > 0 such that
foranyle,...,qu € X;,1<j<m,and anyyj,...,y, € F*

1
<C ( > |(vi)ic 1”e weat(F) (5)
i=1j=1

Moreover, the class of all Cohen positive strongly p-summing m-linear operators from
X1 X -+ x Xy, into F is denoted by DZ“L (X1,...,Xm; F) . Our space is a Banach space with
the norm dj* (.), which defined by the smallest constant C such that the inequality (5) holds.

(et i)

1 POSITIVE STRONGLY p-SUMMING MULTILINEAR OPERATORS

In this section we introduce and study a new class of operators between two Banach lattices,
where we extend a notion defined by V. Dimant. We prove a natural analog to the Pietsch
domination theorem for this class.

Definition 6. Let1 < p < co. An m-linear operator T € L (E,..., Ey; F) is said to be positive
strongly p-summing if there exists a constant C > 0 such that for every x]l, X € Ej+,
j=1,...,m, we have

(iilT<xg,...,x;n)r>’l’<c cup (i(go(xg,...,xp))”);. ©

@EBT i=1
Moreover, the class of all positive strongly p-summing m-linear operators from Ey X- - -X Ey,

L(Eq,..Em)
into F is denoted by LI (Ey, ..., Em; F). Our space is a Banach space with the norm d{;) (.),

which defined by the smallest constant C such that the inequality (6) holds.

Proposition 1 (Ideal property). Let T € L(Ej,...,En F). Let R be a positive operator in
L(F,G) and S; be a positive operator in L(F;, E;), 1 < j < m.
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1) If T is positive strongly p-summing, R o T is positive strongly p-summing and
dgy (RoT) < ||R||dg}" (T).

2) If T is positive strongly p-summing, T o (S1,...,Sy) is positive strongly p-summing and

4t (To (S, ) < dlf (T HHSH

1
< ||R||dZ (T)  sup i(¢(x3,...,xf))p)p.
ss,p

Proof. 1) Let T € ,Csné*l;(El,...,Em;F). Then for every lel,...,x]r‘, € E;r,j =1,...,m, wehave
1 1
n p p n P P
lror (sheest) )< 1 (] (s}
(ElrerGre)) < (Elr ()
(PEBZ(El,...,E;n)
SoRoT € LI (Er, ..., Em;G)and dfl (RoT) < R[4y (T).
2)LetT € ,Csné*l;(El,...,Em;F). Then
- 1 p %
<ZHT0(51,...,SM)(xz-,...,x;-”)H )
i=1

<dmH(T) sup <Z(go(Sl(x}),...,Sm(xT)))P>p

(PEBZ(El,...,Enl) i=1
+ = g 1 1 m P\?
T)HHS]H sup Z(m(p(sl,...,sm) (xl-,...,xl-)>
j=1 EBZ(El,. Em) i=1 J=11

<=

m n p

cay MTTIs| s (£ (viedna)’)
j=1 IPEBZ(Fl,...,Fm) i=1

We have T o (Sy,...,5Sy) is positive strongly p-summing multilinear operator and

dzy (To (St Sm)) < dfy (T HHSH 0

For the proof of the next theorem, we will use the full general Pietsch domination theorem
recently presented by D. Pellegrino et al. in [9], where, in [6], V. Dimant used Hahn-Banach
theorem.

Theorem 1. An m-linear operator T € L (Ey,...,Ey; F) is positive strongly p-summing if and
only if there exist a regular probability measure y on BZ( with the weak star topology,
and a positive constant C such that

HT(xlr...,xm)H < C(/B* (gp(xl,,..,xm))pdy(q))); )

L(Eq,-Em)

forevery (x!,...,x™) € Ef x -+ x E;;. Moreover, in this case

dgf; (T) = inf {C which satisfies the inequality (7)} .

E1,~~~/En1)
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Proof. Suppose that T is positive strongly p-summing. We will verify the hypotheses of the
general Pietsch domination theorem. We put

G =K,
H =L (E, ... EmE),
Z=Ef x---xEf,

K=B" _ _ o
(E1®n"‘®7rEm)
L X0 22(0,...,0).

It is not difficult to see that the notion of positive strongly p-summing multilinear operator
is precisely the concept of R — S-abstract p-summing, where

. p+
R ’ B(E1®n"'®nEm)*

R (g, (™), A) = Al (¢ (x o x™))

S:L(Ey,...,EmiF) XEf X -+ X E, x K — [0,00),

s(T,(x%..2m),A) = A HT (. 2m)

here R and S satisfy the conditions of full general Pietsch domination theorem. Then the result
follows immediately. O

X Eff x -+ X Ef, x K — [0,00),

7

We need a small review about R — S-abstract p-summing.
Let X,Y and Z be (arbitrary) sets, H be a family of mappings from X to Y, G be a Banach
space and K be a compact Hausdorff topological space. Suppose that the maps

R:KxZxG—>[0,00),
S:HXZxG—[0,00)

be such that:

a) for each f € #H, thereis xp € Z such that R (¢, xp,b) = S (f, xo,b) for every ¢ € K and
be G

b) the mapping R, |, : K — [0, 00) defined by R, ; (¢) = R (¢, x, b) is continuous for every
x€ Zand b € G;

c) it holds that R (¢, x,nb) < yR(¢,x,b) and 4S (f,x,b) < S(f,x,nb) for every ¢ € K,
x€Z,0<n<l,beGandfecH.

Definition 7 ([9]). Let R and S be as above and 0 < p < oo. A mapping f € H is said to be
R — S-abstract p-summing if there is a constant C; > 0 so that

1 m 1
(Estr.0)) < cosup( SR 0,0)7)
j=1 PEK \j=1

forall x1,...,x™ € Z and b!,...,b"™ € G. The infimum of such constants C; is denoted by

TTRS,p (f) .
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Theorem 2 ([9]). Let R and S be as above, 0 < p < o and f € H. Then f is R — S-abstract
p-summing if and only if there exist a constant C > 0 and a regular Borel probability measure
w on K such that forallx € Z and b € G,

S (f,xb) < C (/K<R<¢,x,b>m<c,)>)%.

Moreover, the infimum of such constants C equals to rtgs , (f) -

Proposition 2. T € L (Ey,...,Ey; F) is positive strongly p-summing if and only if there exist
a regular probability measure y on BZ( ) with the weak star topology, and a constant
K > 0, such that the inequality

|7 (x| SK(/B

holds for every (x1,...,x™) € Ey X - -+ X Ep,.

Ey,...Em

1

(o112 (o) )

=+
L(Eq,...Em)

Proof. For convenience, we prove the inequality for m = 2 only. Let (x,y) € E; x E;. By
Theorem 1, we have

1T,y = IT(x" —x,y" =y ) = |T(x"y") =T (" y) =T (x,y")+T(x,y7)||

< TGy +IT Gy O+ T Gy DI+ T )]
oyt ’ oy ’
<a(f, o) v [ )

(q)(x_’yﬂ)pdy(@) % i C4</+ (fP(x_/y_))pdu((p)) %

B[:(El,Ez)

<c/
(],

<k( [ (ol b)inte)) g

L(Eq1,Ep)

(E1E2)

To prove the converse, just apply Theorem 1 for (x!,...,x™) € Ef x -+ x E. O
Proposition 3. If1 < p < g < oo, then

Ll (o Em; F) C LU (Ey, ..o Eq; F) and  dl" (T) <df’) (T).

ss,p ss,q

Proof. LetT € LI (Ey X - -+ X Ep; F). Then by (7)

ss,p
(=", ~fxm))pdu(<v)> '

1

<dgy (T) ([bﬁ ((P(xlnwxm))qd#(qv)y,

ﬁ(El,...,Em)

et owm)| <ant () (/B

+
L(Eq,Em)

for every (x!,...,x™) € EJ x - x E}. This implies that T € L’Z;;(El X - -+ x Ey; F) and
d (T) < diit (T) 0
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Here is another important result.

Proposition4. Let1 < p <oco.LetAy:Ey X -+ X Ep — F,..., A By | X X Epyp — F
and T : F; X - -- X Fp = F be non null continuous multilinear operators. If all A4, ..., Ay are
positive strongly p-summing, then T o (Ay, ..., Ay) is positive strongly p-summing and

Al (To(Ay,..., A)) < |yT|dem+ for 1<j<k

j)

Proof. From the domination theorem, there exist regular Borel probabilities p; on

_ pt _ pt 1
B, = B,C(El Eml)""'yk on B, = Bﬁ(EHmk,l/---,Emk) such that for each (x!,...,x™) €
Ef X oo X Ef,en, (X0, xM) € By X x Ej we have
1
1 my m—+ 1 my P F
[AL(x!, .. ™) < dmF(Ay) /B (qvl(x fee X )) i (1) |
1
1
p v
|| A (MM, o x| < dmt Ak)</B (¢k(x1+mk4,,..,xmk)) dyk(gok)> :
k
Fubini’s theorem gives us that for each (x',...,x™) € Ef x --- x Ef, we have
k p
P Ao < [{Ta ()]
=1
) p p (8)
X /~-~/<q)1(x ,...,xml)) ((pk(x””’kfl,...,xmk)> d (X X ) (@1, @) -
B1><"'><Bk
Letl <i<mnand (x},...,x/*) € Ef x - x E,; - Since
ITo (A, Ay) (xb, .., )| < ITI AL (L ) || | A (g™ 1),

by (8), we find

(s

i=1

1/p
(L forte ---qok<x:*mk%---,xz"w”d(mx---xuk><¢1,...,qok>).

Bl>< X By

1 m P Yr m+
To(Ay,...,Ad) (2.2 k)H ) < HTHHd
9)

For (¢1,...,¢x) € By X - -+ x By we define 1 ® - - - ® @ : Ey X - - - X E;y, — Kby
(91 ® - ® @) (xl,...,xml,...,mek*l,...,xmk):qol(xl,...,xml) o (xR  yE,
Then

P1@ Q@€ L(Ey X XEm), |lg1®- @@kl <|l@1ll - [l okll
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and

n 1/p
= (Z (P1®---® @) (x},...,x;nk)p> (10)

< sup <Xn:<(q)1®...®q)k) (xll,...,x;.ﬂk)y)%.

®R--Q@@EBT i=1
P1 Pk C (Elermk)

Using (10) and the fact that p, . . ., yy are probability measures, by (9), we get
i )"

i=1

k n 1 " p %

gHTHHde; (4)) sup <Z<(901®'--®90k) (xj,...,x; k)) ) )
j=1 901®‘.@svkeBZ(Elemk) '

To(Aq,...,Ay) (x},...,x'.”k)

Then from Definition 6, T o (Ay, ..., Ak) is a positive strongly p-summing operator. O

2 TIES WITH KNOWN OTHER CLASSES OF SUMMABILITY

Our main results of this section is to analyse some connections between the different classes
investigated in this paper.

Theorem 3. Let1l < p < oo. IfT € L (Ey, ..., Ey; F) issuch that T* is a Cohen positive strongly
p*-summing linear operator, then T is positive strongly p-summing multilinear operator.

Proof. Suppose that T* € L (F*; L (Ey,...,En)) is Cohen positive strongly p*-summing linear
operator. By (3), we have

1
n ¥

1
LG r
LTz < dp (0 (LIl ) s (L @)
i=1 (peBZ(Elem) i=1
Let (x )i C E+ 1 < j < m. We consider the linear form T( ) L(Ey,...,En) — K

defined by T, . xm (¢) = ¢ (x},...,x") . We have

(70 i) = LT 00 T )|

<ap () (L) s (3

+
(PEBL‘(El,...,Em)

3

i=1

1
*

1
n P\ 7
com (B ) wn (o))

+
(PEBL‘(El,...,Em)
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4

Then, T is positive strongly p-summing and df';" (T) < d;ﬁ (T*). O
Open problem. Is the inverse true?

Proposition5. LetT € L (Ey,...,Ey; F) and R be a positive operator in L(F, G). If R is positive
p-summing, then R o T is positive strongly p-summing and

dl'y (RoT) <7y (R)|T|.
Proof. Let R be an operator in H; (F, G). From Definition 1, we have

IR o T(x},...,x;ﬁ)Hp < sup <Z<T ,y*>p>1/;7

y €B+ i

< ) sup (541 0)7)

y €B+ i

< 7t (R)||T] sup <Z<T .,x;”'TT’(Ty”*)y)l/p

y €B+ i

A
7=
/N
S
~—~
=
T
=
3
~
N—
=
N———
==

my (R)IIT|| sup

¢€BZ(51,...,E,7,) i=1
SoRoT € LI (Ey,...,Em;G) and dlly (RoT) < ) (R) [T O

Corollary 1. Let1 < p < oo. IfT] € H;(E;F), thenT € LI(Eq, ..., Em; F).
Proof. Let Ty € H;(E ; F). Since T = Ty, o §,4, by the above Proposition we have
TeLy,(Ey, ..., EmF) and df) (T) < ) (Tp).

Open Problem. Is the opposite implication in the last corollary true?
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HOBAIOEMO AeSIKi 3B'SI3KM MIX HaIllM KAAaCOM Ta iHIIMMI KAacaMM OIlepaTopiB, Taxi sIK ABOICTiCTb
Ta AlHeapy3allis.

Koouosi cnosa i gppasu: 6aHaxoBa rparTka, TeopeMma IliTdya Ipo AOMiHyBaHHs, AOAATHMIA CTPOTO
P-CYMOBHVIA MYABTUAIHIVHIIA OlepaTop, AOAATHMI pP-CyMOBHMI OIlepaTop, TeH30pHa HOpMa.



