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THE NONLOCAL BOUNDARY PROBLEM WITH PERTURBATIONS OF

ANTIPERIODICITY CONDITIONS FOR THE ELLIPTIC EQUATION WITH

CONSTANT COEFFICIENTS

In this article, we investigate a problem with nonlocal boundary conditions which are perturba-

tions of antiperiodical conditions in bounded m-dimensional parallelepiped using Fourier method.

We describe properties of a transformation operator R : L2(G) → L2(G), which gives us a connec-

tion between selfadjoint operator L0 of the problem with antiperiodical conditions and operator L

of perturbation of the nonlocal problem RL0 = LR.

Also we construct a commutative group of transformation operators Γ(L0). We show that some

abstract nonlocal problem corresponds to any transformation operator R ∈ Γ(L0) : L2(G) → L2(G)

and vice versa. We construct a system V(L) of root functions of operator L, which consists of infinite

number of adjoint functions. Also we define conditions under which the system V(L) is total and

minimal in the space L2(G), and conditions under which it is a Riesz basis in the space L2(G).

In case if V(L) is a Riesz basis in the space L2(G), we obtain sufficient conditions under which

the nonlocal problem has a unique solution in the form of Fourier series by system V(L).
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1 INTRODUCTION

Investigation of ordinary differential equations with nonlocal integral conditions begins in

works of H. Birkoff, A. Zommerfeld, J. Stone, Ya.D. Tamarkin, W. Feller. Fundamental role in

development of nonlocal problems and shift operator theory play works of T. Carleman. The

general theory of elliptic boundary problems was formed due to investigations of Y.G. Beid

and R.S. Friman, R. Bills, F. Brauder, L. Ehrenpreis, L. Hermander, G. Grub, J.W. Kalkin,

Ya.B. Lopatynskiy, M. Malgrange, I.V. Skrypnyk, M. Shekhter, M.I. Vishyk. Nonlocal bound-

ary problems for linear differential equations with partial derivatives in different aspects were

investigated by Yu.M. Berezanskiy, A.V. Bitsadze, V.M. Borok, M.L. Gorbachuk, O.O. Dezin,

Yu.M. Dybinskiy, M.I. Ionkin, V.S. Ilkiv, P.I. Kalenuyk, A.H. Mamyan, V.A. Mykhailets,

B.Yo. Ptashnyk, V.K. Romanko, O.A. Samarskiy, O.L. Skubatchevkiy, S.Ya. Yakubov. Non-

local elliptic problems were studied in works of A.V. Bitsadze, O.O. Dezin, A.I. Kamynin,

S.A. Paneyakha, Ya.A. Roytberg and Z.G. Sheftel, A.A. Samarskiy, L.A. Skybatchevkiy and

their followers.
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This paper is denoted to research of nonlocal problems for equations with constant coef-

ficients. The classes of uniqueness and existence of the solution of boundary value problems

in unbounded domains (half-space, unbounded strip) for equations with constant coefficients

were studied in [7, 8, 11, 12, 17, 22–26].

Boundary value problems in bounded domains for certain classes of differential equations

with constant coefficients have been studied in [1, 9, 10, 13–16, 18, 20, 21, 27, 28]. The work is a

continuation of the studies begun in [2–6].

Let us denote Z0 := {k : k ≥ 0, k ∈ Z}, β = (β1, β2, . . . , βm) ∈ Z
m
0 , |β| = β1 + . . . + βm,

G := {x = (x1, x2, . . . , xm) ∈ R
m : 0 < xj < Xj < ∞ , j = 1, 2, . . . , m},

Gr := {xr = (x1, . . . , xr−1, xr+1, . . . , xm) ∈ R
m−1 : 0 < xj < Xj < ∞, j 6= r, j = 1, 2, . . . , m}.

Let Dj be the operator of differentiation by variable xj. Denote D2β := D
2β1
1 D

2β2
2 · . . . · D

2βm
m ,

W2n
2 (G) := {y ∈ L2(G) : D2βy ∈ L2(G), |β| = n},

(y, z; W2n
2 (G)) :=

m

∑
j=1

(D2n
j y, D2n

j z; L2(G)), |y; W2n
2 (G)|2 :=

m

∑
j=1

(D2n
j y, D2n

j y; L2(G)).

Also we will use the following notations. Let Ej be the identical transformation in the space

L2(0, Xj); E be the identical transformation in the space L2(G); Ij be an operator of involution

in the space L2(0, Xj), Ijz(x) := z(Xj − x), z(x) ∈ L2(0, Xj); pj be an orthoprojector in the

space L2(0, Xj); pjz(x) := 1
2(z(x) + (−1)jz(Xj − x)), z(x) ∈ L2(0, Xj); L2,r(0, Xj) :=

{

z(xj) ∈
L2(0, Xj) : z(xj) := prz(x)

}

, r = 0, 1; W∗
2n

(

0, Xj

)

be the space of linear continuous functionals

on W2n
2 (0, Xj); W∗

2n,s(0, Xj) :=
{

l ∈ W∗
2n(0, Xj) : l(eihx − (−1)seih(Xj−t)) = 0, h ∈ R, xj ∈

(0, Xj)
}

, s = 0, 1; Qm := {Q := (q1, q2, . . . , qm) ∈ Zm, qr ∈ {0, 1}, r = 1, 2, . . . , m}; pq :=
m

∏
r=1

pqr be an orthoprojector in the space L2 (G) ; L2,Q(G) := {y ∈ L2(G) : y := pQy}.

Let us consider boundary problem

L(D)y := ∑
|β|≤n

(−1)|β|aβD2βy = f , x ∈ G, (1)

ℓs,jy := D2s−2
j y|xj=0 + D2s−2

j y|xj=Xj
= 0, j = 1, 2, . . . , m, (2)

ℓn+s,jy := D2s−1
j y|xj=0 + D2s−1

j y|xj=Xj
+ l1

s,jy = 0, j = 1, 2, . . . , m, (3)

where

ℓ
1
s,jy :=

1

∑
r=0

ms,j

∑
q=0

bq,r,s,jD
q
j yxj=rXj

, (4)

bq,r,s,j ∈ R, q = 0, 1, . . . , ms,j, r = 0, 1, s = 1, 2, . . . , n, j = 1, 2, . . . , m.

Let us denote by L : L2(G) → L2(G) the operator of problem (1)–(4), Ly := L(D)y,

y ∈ D(L), D(L) := {y ∈ W2n
2 (G) : ℓs,jy = 0, s = 1, 2, . . . , 2n, j = 1, 2, . . . , m}.

Definition 1. We will denote by function y ∈ D(L) a solution of the problem (1)–(4) that

satisfies ‖Ly − f ; L2(G)‖ = 0.
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2 GENERAL RESULTS

Let us consider the following assumptions

P1 : bq,1,s,j = (−1)qbq,0,s,j;

P2 : ms,j ≤ 2s − 1, s = 1, 2, . . . , n;

P3 : |λk| ≥ C1|k|2n
> 0, 0 < C1 < ∞, k ∈ N

m;

P4 : p1X1 + p2X2 + . . . = pmXm 6= 0, pj ∈ Z, j = 1, 2, . . . , m.

Theorem 1. Let P1 holds. Then for arbitrary numbers aβ ∈ R, |β| ≤ n, the operator L has

eigenvalues

λk := ∑
|β|≤n

aβ

m

∏
j=1

ρ
2βj

k,j , (5)

ρk,j := (2kj − 1)πX−1
j , j = 1, 2, . . . , m, k = (k1, k2, . . . , km) ∈ Nm, and a complete and minimal

system V(L) of root functions exists in the space L2(G).

Theorem 2. Let P1–P2 hold. Then the operator L has a system V (L) of root functions, which is

a Riesz basis for the space L2(G).

Theorem 3. Let the assumptions P1–P2 take place. Then for any function f ∈ L2(G) there exists

a unique solution of the problem (1)–(4).

3 SELF-ADJOINT PROBLEM FOR ORDINARY DIFFERENTIAL EQUATIONS OF EVEN ORDER

Let us denote by A0,j the operator generated in L2

(

0, Xj

)

by the next boundary problem

−z(2)(xj) = g(xj), xj ∈ (0, Xj),z(0) + z(Xj) = 0, z(1)(0) + z(1)(Xj) = 0, j = 1, 2, . . . , m,

A0,jy(xj) := −y(2)(xj), y ∈ D(A0,j) and D(A0,j) :=
{

y ∈ W2
2 (0, Xj) : y(r)(0) + y(r)(Xj) =

0, r = 0, 1
}

, τ1,k j
(xj) := 2√

2Xj
cos ρk,jxj, kj = 1, 2, . . . , τ0,k j

(xj) := 2√
2Xj

sin ρk,jxj, kj = 1, 2, . . . ,

τj := {τr,k j
(xj) ∈ L2(0, Xj), r = 0, 1, k = 1, 2, . . . } is an orthonormal basis of the space

L2(0, Xj), j = 1, 2, . . . , m.

Lemma 1. The operator A0,j has the point spectrum

σ(A0,j) := {µk,j ∈ R : µk,j = ρ2
k,j, k = 1, 2, . . . }

and a system of eigenfunctions Tj. Sets L2,s(0, Xj) are invariant for the operator A0,j, s = 0, 1.

Proof. By substitution we obtain that τr,k j
(xj) ∈ D(A0,j) and A0,jτr,k j

(xj) = µk,jτr,k j
(xj), r =

0, 1, k = 1, 2, . . . .

Therefore operator A0,j has a system of eigenfunctions Tj, which corresponds to the set of

eigenvalues σ
(

A0,j

)

.

Let us notice that subset of eigenfunctions Tj,r := {τr,k j
(xj) ∈ L2(0, Xj), k = 1, 2, . . .}, A0,j is

an orthonormal basis in the space L2,r(0, Xj), r = 0, 1.

Let us consider for equation (1) the following problem with boundary conditions

ℓ0,s,jy := D2s−2
j y|xj=0 + D2s−2

j y|xj=Xj
= 0, s = 1, 2, . . . , n, j = 1, 2, . . . , m, (6)
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ℓ0,n+s,jy := D2s−1
j y|xj=0 + D2s−1

j y|xj=Xj
= 0, s = 1, 2, . . . , n, j = 1, 2, .., m. (7)

Let L0 : W2n
2 (G) → W2n

2 (G) be the operator of problem (1), (6), (7). Also we denote by L0y :=

L(D)y, y ∈ D (L0) ; D(L0) := {y ∈ W2n
2 (G) : ℓ0,s,jy = 0, s = 1, 2, . . . , 2n, j = 1, 2, . . . , m};

V(L0) := {v0,r,k(x) ∈ L2(G) : v0,r,k(x) :=
m

∏
j=1

τrj,k j
(xj), rj ∈ {0, 1}, j = 1, 2, . . . , m, k ∈ Nm}

the orthonormal basis of the space L2(G); L0,Q the restriction of the operator L0 to the space

L2,Q(G) and

VQ := {v0,q,k(x) ∈ L2(G) : v0,k(x) :=
m

∏
j=1

τqj,j(xj), kj = 2kj − jr, k ∈ N
m}, Q ∈ Qm.

Lemma 2. The operator L0 has eigenvalues (5) and a system of eigenfunctions V(L0).

Proof. By a substitution it is easy to check that v0,r,k(x) ∈ D(L0), L0v0,r,k(x) = λkv0,r,k(x),

k ∈ N
m.

Therefore, the operator L0 has a system of eigenfunctions V(L0) which corresponds to the

set of eigenvalues σ(L0) := {λk ∈ R, k ∈ Nm}.

4 NONSELFADJOINT PROBLEM OF ORDINARY DIFFERENTIAL EQUATION OF THE SECOND

ORDER

Let us consider the following spectral boundary problem

− z(2)(xj) = µz(xj), xj ∈ {0, Xj}, µ ∈ C, (8)

z(0) + z(Xj) = 0, z(1)(0) + z(1)(Xj) + b(z(1)(0)− z(1)(Xj)) = 0. (9)

Let Bj = Bj,b be the operator of problem (8), (9). Solutions ±ρ of the characteristic equation

−ρ2 = λ are such that Reµ ≤ 0.

We define the fundamental system of solutions of the equation (8) by equations

zr(xj, ρ) := exp ıρxj + (−1)r exp ıρ(Xj − xj) ∈ L2,r(0, Xj), r = 0, 1.

The general solution of equation (8) can be represented as the sum

z
(

xj, ρ
)

:= c0z0

(

xj, ρ
)

+ c1z1

(

xj, ρ
)

.

If we substitute this solution into boundary conditions (9), we obtain an equation which roots

define eigenvalues of the operator Bj

∆(ρ) := ∆0(ρ)∆1(ρ) = 0, (10)

where ∆0(ρ) = (1 + exp ıρXj), ∆1(ρ) = ıρ(1 + exp ıρXj).

Equation (10) has two-fold roots ±ρk j
, ρk j

:= (2k − 1)πX−1
j , k = 1, 2, . . . . Therefore the

operator Bj has two-fold eigenvalues µk,j = ((2kj − 1)πX−1
j )2, kj = 1, 2, . . . . Since τ2k−1,j(xj) ∈

D(Bj) and Bjτ2k−1,j(xj) = µ2k−1,jτ2k−1,j(xj), kj = 1, 2, . . . , we define eigenfunction of the

operator Bj by the formula

v1,k

(

xj, Bj

)

=
2

√

2Xj
cos ρk,jxj, k = 1, 2, . . . .
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We define an adjoint function of the operator Bj by the following relation

v0,k(xj, Bj) = (1 + cj(2xj − Xj))
2√
2Xj

sin ρk j
xj, cj ∈ C.

If we substitute this expression to boundary condition (9) we define cj = b.

So the operator Bj has an adjoint function

v0,k(xj, Bj) = (1 + b(2xj − Xj))
2√
2Xj

sin ρk j
xj. (11)

Root functions of the operator Bj are defined by equations

Bjv0,k(xj, Bj) = µk,jv0,k(xj, Bj) + ξk,jv1,k(xj, Bj), ξk,j = 4bρk,j, kj = 1, 2, . . . , (12)

Bjv2k−1(xj, ABj) = µk,jv2k−1(xj, Bj), k = 1, 2, . . . . (13)

Since the boundary conditions (9) are regular by Birkhoff, from Shkalikov’s theorem [29] we

obtain: the system V(Bj) is total and minimal in the space L2(0, Xj) for all b ∈ R, j = 1, 2, . . . , m.

Let us prove that V
(

Bj

)

is a Bessel system. Summands in the formula (11) are orthogonal

in the space L2(0, Xj). Therefore for any function h ∈ L2(0, Xj) we have

|(h, v0,k(xj, Bj); L2(0, Xj)|2 ≤ (1 + 2|b|2Xj)||(h, τ2k(xj); L2(0, Xj)|2,

|(h, v1,k(xj, Bj; L2(0, Xj)|2 = |(h, τ2k−1(xj); L2(0, Xj)|2.

If we consider the sum for k = 1, 2, . . . , we have inequality

1

∑
r=0

∞

∑
k=1

|(h, vr,k(xj, Bj); L2(0, Xj)|2 ≤ C2|h; L2(0, Xj)|2, C2 = 1 + 2|b|2Xj.

Therefore V(Bj) is the Bessel system [19] in the space L2(0, Xj).

Analogously we can prove that the biorthogonal system which consists of root functions of

adjoint problem

−z(2)(xj) = µz(xj), z(1)(0) + z(1)(Xj) = 0, z(0) + z(Xj) + b(z(0)− z(Xj)) = 0

is Bessel system in the space L2(0, Xj). Therefore if we apply Bari’s theorem [19] we obtain the

following lemma.

Lemma 3. For any fixed bj ∈ R spectra of operators Bj, A0,j coincide and system of functions

V(Bj) forms a Riesz basis in the space L2(0, Xj), j = 1, 2, . . . , m.

5 TRANSFORMATION OPERATORS OF ORDINARY DIFFERENTIAL EQUATION OF SECOND

ORDER

Let us consider any sequence of real numbers {θk j
}∞

k j=1 and consider in the space L2(0, Xj)

operator A1,j. An eigenvalues of this operator coinside with eigenvalues of the operator A0,j

and root functions can be defined by equations

v1,k,j(xj, A1,j) =
2

√

2Xj
cos ρk,jX

−1
j xj, (14)

v0,k,j(xj, A1,j) = (1 + θk j
(2xj − 1))

2
√

2Xj
sin ρk,jX

−1
j xj, kj = 1, 2, . . . . (15)

Let R
(

A1,j

)

= Ej + S
(

A1,j

)

be the operator which acts by rule V(A0,j) → V(A1,j). From

definition of the operator R(A1,j) we obtain: S2(A1,j) = 0. Therefore R−1(A1,j) = Ej − S(A1,j)

exists.
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Lemma 4. For any sequence {θk j
}∞

k j=1 ⊂ R the system of functions V
(

A1,j

)

are total and min-

imal in the space L2(0, Xj).

Proof. Let us suppose that function h = h0 + h1, hr ∈ L2,r(0, Xj) exists and is orthogonal to all

elements of the system V(A1,j). Since functions (14) are elements of orthnormal basis of the

space L2,1(0, Xj), we obtain h1 = 0 So h = h0 ∈ L2,0(0, Xj).

Since function h is orthogonal to elements of the system V(A1,j), we have:

(h, v0,k(xj, A1,j); L2(0, Xj)) = (h0, τ0,k,j(xj); L2(0, Xj)) = 0, k = 1, 2, . . . .

The system Tj,0 = {τ0,k,j(xj) ∈ L2(0, Xj), k = 1, 2, . . .} is an orthonormal basis in the space

L2,0(0, Xj). So we obtain that h1 = 0.

Therefore h ≡ 0.

Lemma 5. The system of functions V(A1,j) is a Riesz basis in the space L2(0, Xj) if and only if

the sequence {θk}∞
k=1 is bounded.

Proof. Necessity. If the system of functions V
(

A1,j

)

is a Riesz basis in the space L2(0, Xj), then

it is almost normalized.

If we take into consideration (14), (15), we have inequality

0 < 1 ≤ ‖v0,q(xj, A1,j); L2(0, Xj)‖2 = 1 + |θq|2 ≤ C3 < ∞, C3 := 1 + max θ2
q .

Sufficiency. If we take into consideration formulas (12), (13) then for any functions h ∈ L2(0, Xj)

we have inequality

∞

∑
k

j
=1

1

∑
s=0

‖(R(A∗
1,j)h, τs,k j

(xj); L2(0, Xj‖2

=
∞

∑
k j=1

1

∑
s=0

|(h, vs,k j
(xj, A1,j); L2(0, Xj))|2 ≤ C3‖h; L2(0, Xj)‖2.

Therefore the operator R(A∗
1,j) is adjoint to R(A1,j) and bounded in the space L2(0, Xj) →

L2(0, Xj). So operators R(A1,j), R−1(A1,j) = 2E − R(A1,j) are also bounded.

If we take into consideration Lemma 4 and Bari’s theorem [19] we get: the system of func-

tion V(A1,j) is a Riesz basis in the space L2(0, Xj).

6 NONSELFADJOINT PROBLEM FOR ORDINARY DIFFERENTIAL EQUATION OF EVEN ORDER

Let us consider for any j ∈ {1, 2, . . . , m} , p ∈ {1, 2, . . . , n} , b ∈ R, the problem

L(D)y := ∑
|β|≤n

aβD2βy = λy, λ ∈ C, (16)

ℓ1,s,qy := D2s−2
q y|xq=0 + D2s−2

q y|xq=Xq = 0, q 6= j, s = 1, . . . , n, q = 1, . . . , m, (17)

ℓ1,n+s,qy := D2s−1
q y|xq=0 + D2s−1

q y|xq=Xq = 0, s 6= p, q 6= j, q = 1, . . . , m, s = 1, . . . , n, (18)

ℓ1,n+s,jy := D2s−2
j y|xj=0 + D2s−2

j y|xj=Xj
= 0, s 6= p, s = 1, 2, . . . , n, (19)

ℓ1,n+s,jy := D2s−1
j y|xj=0 + D2s−1

j y|xj=Xj
= 0, (20)

ℓ1,n+p,jy := D
2p−1
j y|xj=0 + D

2p−1
j y|xj=Xj

+ b(D
2p−1
j y|xj=0 − D

2p−1
j y|xj=Xj

) = 0. (21)
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Let L1,p,j be an operator of the problem (16) – (21), V
(

L1,p,j

)

be the system of root functions

of operator L1,p,j. This operator acts in a following manner L1,p,jy := L(D)y, y ∈ D(L1,p,j),

D(L1,p,j) := {y ∈ W2n
2 (G) : ℓ1,r,jy = 0, r = 1, 2, . . . , 2n, j = 1, 2, . . . , m}.

Let us consider by fixing k(j) := (k1, k2, . . . , kj−1, kj+1, . . . , km) ∈ N
m−1 solutions of the

problem (16) – (21) in a form of product

y(x) := z(xj)
m

∏
r=1,r 6=j

τqr,kr
(xr), kr = 1, 2, . . . , j 6= r, r = 1, 2, . . . , m. (22)

For determination of an unknown function z(xj) we have the following problem

∑
|β|≤n

aβ(−1)βr

m

∏
r=1,r 6=j

(−1)βr ρ
2βr

k,r z(2βj)(xj) = λz(xj), λ ∈ C, (23)

ℓ1,s,jz := z(2s−2)|xj=0 + z(2s−2)|xj=Xj
= 0, s = 1, 2, . . . , n, (24)

ℓ1,n+s,jz := z(2s−1)|xj=0 + z(2s−1)|xj=Xj
= 0, s 6= p, s = 1, 2, . . . , n, (25)

ℓ1,n+p,jz := z(2p−1)|xj=0 + z(2p−1)|xj=Xj
+ b(z(2p−1)|xj=0 − z(2p−1)|xj=Xj

) = 0. (26)

Let L1,k(j) be the operator of the broblem (23) – (26). The operator L0,(k j)
is partial case of

operator L1,k(j), if b = 0.

So

L1,k(j)z(xj) := ∑
|β|≤n

aβ(−1)βs

m

∏
s=1,s 6=j

(ρk,s)
2βs z(2βj)(xj), z ∈ D(L1,k(j)),

D(L1,k(j)) := {y ∈ W2n
2 (0, Xj) : ℓ1,s,jz = 0, s = 1, 2, . . . , 2n}.

Lemma 6. For any aβ ∈ R, |β| ≤ n, k(j) ∈ Z
m−1
0 , p ∈ {1, 2, . . . , n}, b ∈ R, the operator

L1,k(j) has eigenvalues (5) and a system of root functions V(L1,k(j)), which is a Riesz basis in

the space L2(0, Xj).

Proof. The root ωr(k(j), λ) of the equation

∑
|β|≤n

aβ

m

∏
s=1,s 6=j

(ρk,s)
2βs ω2βj = λ, (27)

which is characteristic for the equation (23), we will chose from the condition Re ωn(k(j), λ) ≤
Re ωn−1(k(j), λ) ≤ . . . ≤ Re ω1(k(j), λ) ≤ 0.

Let us consider functions

z0,1(xj, λ) = (2xj − Xj)
2

√

2Xj
sin ω1(k(j), λ)X−1

j xj,

z0,q(xj, λ) :=
1

2
(1 − eωq(k(j),λ)Xj)−1(eωq(k(j),λ)xj + eωq(k(j),λ)(Xj−xj)) ∈ L2,0(0, Xj), q = 2, n,

z0,n+1(xj, λ) = (2xj − Xj))
2

√

2Xj
cos ω1(k(j), λ)X−1

j xj,

z0,n+q(xj, λ) :=
1

2
(1 + eωq(k(j),λ)Xj)−1(eωq(j,k(j),λ)xj − eωq(k(j),λ)(Xj−xj)) ∈ L2,1(0, Xj), q = 2, n.
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If we substitute this expressions in boundary conditions (24) – (26), we will get eigenvalues (5)

and eigenfunctions of the operator L1,k(j)

v1,k j
(xj, L1,k(j)) =

2
√

2Xj
cos ρk,jX

−1
j xj, kj = 1, 2, . . . . (28)

Let ωr(kj , λk) are roots of the equation (27), λ = λk obtained from the equation ω1(kj , λk) =

ıπ(2kj − 1)X−1
j and Re ωn(kj, λk) ≤ Re ωn−1(kj , λk) ≤ . . . ≤ Re ω1(kj, λk) ≤ 0.

Let us consider system of functions

z0,1(xj, kj, λk) = (2xj − Xj))
2

√

2Xj
sin ρk,jX

−1
j xj, kj = 1, 2, . . . , (29)

z0,q(xj, kj, λk) :=
1

2
(1 + e

ωq,kj
λkXj)−1((e

ωq,kj
(λk)xj − e

ωq,kj
(λk)(Xj−xj))), kj = 1, 2, . . . , (30)

and a square matrix of the order n, which elements we can define as follows: p-th row defined

by functions (29), (30) and elements of other rows defined by numbers

ηq,r,k j
= (ρk,j)

1−2r
ℓ1,n+r,jz1,q(xj, kj, λk) = (ωj(kj, λk)Xj)

2r−1,

η1,r,k j
= (−1)r

√

2Xj , kj = 1, 2, . . . , q = 2, . . . , n, r 6= p, r = 1, 2, . . . , n.

Determinant of obtained matrix we will denote by y1,p,k j
(xj, λk), kj = 1, 2, . . ..

Remark 1. For any fixed k(j) ∈ Nm−1, if kj → ∞, we get

δ1,k j
(λk) = ω1(kj , λk)(2πkjX

−1
j )−1 = ı,

δq,k j
(λk) = ωq(kj, λk)(2πkjX

−1
j )−1 = εqXj(1 + O(k−1

j )),

where εq are roots of the equation (−1)n(ε)2n = 1, Im εq < 0, q = 2, 3, . . . , n.

If we substitute function y1,p,k j
(xj, λk) in boundary conditions (23) – (26), we will get equal-

ities

ℓ1,s,jy1,p,k j
= 0, j 6= n + p, kj = 1, 2, . . . , (31)

cp,k j
:= ℓ1,n+p,jy1,p,k j

=
√

2Xjρ
2p−1
k j

Wk j
(λk)

n

∏
q=1

δq,k j
(λk), kj = 1, 2, . . . , (32)

where Wk j
(λk) is a Wandermond determinant of the order n, which is constructed by numbers

−1, δq,k j
(λk)

2, q = 2, 3, . . . , n.

Remark 2. For any fixed k(j) ∈ Nm−1 number sequence Wk j,n(λk) converges to Wandermond

determinant W(ε2
2, . . . , ε2

n), if kj → ∞, which is constructed using numbers ε2
2, . . . , ε2

n.

Under this conditions sequence δq,k j
(λk) converges to εq, q = 1, 2, . . . , n.

Then there exist positive numbers C4, C5 such that following inequality takes place:

0 < C4 ≤ |cp,k j
|−1ρ

1−2p
k j

≤ C5 < ∞, kj = 1, 2, . . . . (33)

Let us choose function y2,p,k j
(xj, λk) so that the equality

ℓ1,n+p,jy2,p(xj, kj, λk) =
(√

2Xj

)−1
ρ

2p−1
k j

(34)
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takes place. An adjoint function v0,k j
(xj, L1,(k j

) of the operator L1,(k j)
we define by sum

v0,k j
(xj, L1,(k j)

) :=
2

√

2Xj
sin(2kj − 1)πX−1

j xj + η1,p,j,ky2,p,k j
(xj, λk), kj = 1, 2, . . . . (35)

To define unknown parameters η1,p,j,k we substitute expression (35) in boundary conditions

(25), (26). If we consider formula (34), we obtain

η1,p,j,k = (−1)pb, kj = 1, 2, . . . . (36)

Remark 3. Functions y1,p,k j
(xj, λk) and y2,p,k j

(xj, λk) connected with notions

y2,p,k j
(xj, λk) = χp,j,ky1,p,k j

(xj, λk), (37)

where C6 ≤ |χp,j,k| ≤ C7, p = 1, 2, . . . , n, j = 1, 2, . . . , m, k ∈ Nm.

Therefore operator L1,(k j)
has a system V(L1,(k j)

) of root functions (29), (35), (36) in sense of

equations

L1,(k j)
v0,k j

(xj, L1,(k j)
) = λkv0,k j

(xj, L1,(k j)
) + ξp,k j

v1,k j
(xj, L1,(k j)

),

ξp,k j
:= det(ηq,r,k j

)
q=2,n

r=1,n,r 6=p

∂λk

∂ρj,k
χp,j,kη1,p,j,kcp,k j

, p = 1, 2, . . . , n, j = 1, 2, . . . , m, k ∈ N
m.

For problem (21) – (26) there exists an adjoint problem which has a system of root functions

that is biorthogonal to V(L1,(k j)
). Therefore the system V(L1,(k j)

) is total and minimal in the

space L2(0, Xj).

Let Hp,(k j)
be a root subspace of the operator V(L1,(k j)

) which corresponds to two-fold

eigenvalue λk. According to the Shkalikov theorem [29] the system of subspaces {Hp,(k j)
}∞

k j=1

is a Riesz basis of subspaces.

Let y3,p,k j
(xj, λk) := v0,k j

(xj, L1,(k j
)− (v0,k j

, v1,k j
; L2(0, Xj))v1,k j

(xj, L1,(k j)
). Let us notice that

functions y3,p,k j
(xj, λk) and v1,k j

(xj, L1,(k j)
) are orthogonal in the space L2(0, Xj). Let

y4,p,k j
(xj, λk) := ϕp,k j

y3,p,k j
(xj, λk), (38)

where ϕp,k j
satisfy condition ‖y4,p,k j

(xj, λk); L2(0, Xj)‖ = 1. Therefore functions y4,p,k j
(xj, λk)

and v1,k j
(xj, L1,(k j)

) form an orthonormal basis in the space Hp,(k j)
. Since (17) takes place we

obtain following: system of functions {v1,k j
(xj, L1,(k j)

)y4,p,k j(xj
, λk)}∞

k j=1 is a Riesz basis in the

space L2(0, Xj).

Therefore such positive numbers C8, C9 exist that for any function ϕ ∈ L2(0, Xj) inequality

C8‖ϕ; L2(0, Xj)‖2 ≤
∞

∑
k j=1

((ϕ, v1,k j
; L2(0, Xj))

2 + (ϕ, y4,p,k j
; L2(0, Xj))

2 ≤ C9‖ϕ; L2(0, Xj)‖2

takes place. If we consider equation (38) and inequality 1 < ϕp,k j
< ∞ for any function ϕ ∈

L2(0, Xj), we obtain the following estimation

C10‖ϕ; L2(0, Xj)‖2 ≤
∞

∑
k j=1

((ϕ, v1,k j
; L2(0, Xj))

2 + (ϕ, y3,p,k j
; L2(0, Xj))

2 ≤ C11‖ϕ; L2(0, Xj)‖2.

(39)
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Let us prove that the system of functions V(L1,(k j)
) is Bessel in the space L2(0, Xj), so there

exists a positive number C12 such that following inequality

∞

∑
k j=1

((ϕ, v0,k j
; L2(0, Xj))

2 + (ϕ, v1,k j
; L2(0, Xj))

2 ≤ C12‖ϕ; L2(0, Xj)‖2 (40)

takes place. From the Cauchy inequality and the definition of y3,p,k j
we have the following

estimation

(ϕ, v0,k j
; L2(0, Xj))

2 ≤ 2((ϕ, y3,p,k j
; L2(0, Xj))

2 + (ϕ, v1,k j
; L2(0, Xj))

2)(v0,k j
, v1,k j

; L2(0, Xj))
2.

The system of functions V(L1,(k j)
) is orthonormal in the space L2(0, Xj). Then inequality

|(v0,k j
, v1,k j

; L2(0, Xj))|2 ≤ C13 < ∞ takes place. If we consider the last inequality and (38)

we will get (40) if C12 = 3C9 + 2C13.

Let R(L1,k(j)) := Ej + S(L1,k(j)) : L2(0, Xj) → L2(0, Xj) be an operator that acts V(A0,j) →
V(L1,k(j)). If we consider operator S(L1,k(j)) : L2,0(0, Xj) → L2,1(0, Xj) for L2,1(0, Xj) → 0, we

will obtain S(L1,k(j))
2 = 0. Therefore R−1(L1,k(j)) = Ej − S(L1,k(j)) exists.

Operator R(L1,k(j)) := Ej + S(L1,k(j)) : L2(0, Xj) → L2(0, Xj) is bounded since the system is

Bessel. Therefore the operator R−1(L1,k(j)) : L2(0, Xj) → L2(0, Xj) is also bounded. Therefore

the system of functions V(L1,(k j)
) is a Riesz basis in the space L2(0, Xj).

7 TRANSFORMATION OPERATORS FOR DIFFERENTIAL EQUATIONS OF EVEN ORDER

Let us consider a sequence
{

θk j

}∞

k j=1
⊂ R and consider an operator A2,p,j such that its

eigenvalues coincide with eigenvalues of operator A0,j and root functions are defined by equa-

tions

v1,k j

(

xj, A2,p,j

)

=
2

√

2Xj
cos ρk,jxj, (41)

v0,k j

(

xj, A2,p,j

)

=
2

√

2Xj
sin ρk,jxj + θk j

y1,p,k j

(

xj, λk

)

, kj = 1, 2, . . . . (42)

Let R(A2,p,j) = E + S(A2,p,j) be an operator in the space L2(0, Xj) defined by V(A0,j) →
V(A2,p,j). From the definition of the operator R(A2,p,j) we obtain S2(A2,p,j) = 0. Therefore, the

operator R−1(A2,p,j) = E − S(A2,p,j) exists.

Lemma 7. For any aβ ∈ R, |β| ≤ n, j ∈ {1, 2, . . . , m}, k(j) ∈ N
m−1 and for any sequence

{θk j
}∞

k j=1 ⊂ R a system of functions V(A2,p,j) is total and minimal in the space L2(0, Xj). The

system of functions V(A2,p,j) is a Riesz basis in the space L2(0, Xj) if and only if the sequence

{θk j
}∞

k j=1 is bounded.

Proof. First part can be proved analogously to Lemma 4.

We will denote by Φp(L0,(k j)
) a set of all operators A2,p,j defined by (41), (42). Also we de-

note by Γp(L0,(k j)
) a set of all operators R(A2,p,j), which are generated by operators A2,p,j ∈

Φ(L0,(k j)
). From formula (35) we obtain R(L1,k(j)) := Ej + S(L1,k(j)) ∈ Γp(L0,(k j)

). Let us

consider two sequences {θ1
k j
}∞

k j=1, {θ2
k j
}∞

k j=1 and define two transformation operators Rq =
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Ej + Sq ∈ Γp(L0,(k j)
), q = 1, 2. Let us consider equality S2

q = 0, q = 1, 2, we can define

Γp(L0,(k j)
) an operation of multiplication on the space

R1R2 = Ej + S1 + S2. (43)

From R−1
q = Ej − Sq it follows that the set Γp(A0,j) is a group. Since the equality R1R2 =

Ej + S1 + S2 = R2R1 takes place we obtain that the set Γp(L0,(k j)
) is a commutative group.

Lemma 8. For any fixed aβ ∈ R, |β| ≤ n, j = 1, 2, . . . , m, k(j) ∈ Nm−1 the system of functions

V(A2,p,j) is a Riesz basis in the space L2(0, Xj) if and only if the sequence {θk j
}∞

k j=1 is bounded.

This lemma can be proved analogously to Lemma 7.

Let us choose an arbitrary n sequences of real numbers {θp,k j
}∞

k j=1, p = 1, 2, . . . , m, and

consider an operator A3,j. This operator eigenvalues coincides with eigenvalues of A0,j and

roots of the function are defined by equations

v1,k j
(xj, A3,j) =

2
√

2Xj
cos ρk,jxj, (44)

v0,k j
(xj, A3,j) =

2
√

2Xj
sin ρk,jxj +

n

∑
p=1

θp,k j
y1,p,k j

(xj, λk), kj = 1, 2, . . . . (45)

Let R(A3,j) = E + S(A3,j) be the operator defined in the space L2(0, Xj) by V(A0,j) →
V(A3,j). From the definition of R(A3,j) we obtain S2(A3,j) = 0. Therefore operator R−1(A3,j) =

E − S(A3,j) exists.

Lemma 9. For any aβ ∈ R, |β| ≤ n and sequences {θp,k j
}∞

k j=1 ⊂ R, p = 1, 2, . . . , m a system of

functions V(A3,j) is total and minimal in the space L2(0, Xj). The system of functions V(A3,j)

is a Riesz basis in the space L2(0, Xj) if and only if any sequence {θp,k j
}∞

k j=1, p = 1, 2, . . . , m is

bounded.

We can prove this lemma analogously to Lemma 7.

Let us define root functions of the operator L1,p,j by equalities

vk(x, L1,p,j) = vk j
(xj, L1,k(j))

m

∏
r=1,r 6=j

τr,kr
(xr), k ∈ N

m.

By the system V(L1,p,j) of root functions of the operator L1,p,j we define operator R(L1,p,j) :=

E + S(L1,p,j), which acts in the space L2 (G) . This operator transfer system of functions V(L0)

to the system V(L1,p,j). So we obtain R(L1,p,jvk(x, (L0)) := vk(x, L1,p,j), k ∈ Nm. The operator

R(L1,p,j) is defined by equality

R(L1,p,j) = E1 ⊗ · · · ⊗ Ej−1 ⊗ R(L1,k(j))⊗ Ej+1 . . . Em, (46)

where Es is the identical transformation in the space L2 (0, Xs) , s = 1, 2, . . . , m.

Let us denote by Γp,j (L0) a set of the operators which is defined by formula E1 ⊗ · · · ⊗
Ej−1 ⊗ R

(

A2,p,j

)

⊗ Ej+1 · · · ⊗ Em, where R(A2,p,j) ∈ Γ(k(j)). A set of the operators R(L0) =

R1 ⊗ R2 · · · ⊗ Rm we will denote by Γp(L0).
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Remark 4. We define multiplication on the set Γp(L0) according to formula (43) such that this

set will be abelian group.

Theorem 4. Let assumption P1 takes place. Then for any fixed aβ ∈ R, |β| ≤ n an operator

L1,p,j has eigenvalues (5) and system of root functions V(L1,p,j), which is total and minimal in

the space L2(G).

If assumptions P2, P3 take place then the system of functions V(L1,p,j) is a Riesz basis in

the space L2(G).

Proof. According to Lemma 6 for any k(j) ∈ Nm−1 there exists a system of functions

W(L1,k(j)) = {wk j
(xj, L1,k(j)), kj = 1, 2, . . . }, which is biorthogonal to the system V(L1,k(j)).

Therefore we can define elements of the system W(L1,p,j), which is biorthogonal in the

space L2(G) to the system by V(L1,p,j)

wk(x, L1,p,j) = wk j
(xj, L1,k(j))

m

∏
r=1,r 6=j

τr,kr
(xr) , k ∈ N

m.

So the system V(L1,p,j) is total and minimal in the space L2 (G). If assumptions P2, P3 take

place then root functions (44) of the operator L1,p,j are normalized for any k(j) ∈ N
m−1 and a

system V(L1,p,j) is a Riesz basis of the space L2(G).

8 PERTURBATED BOUNDARY PROBLEM WITH ACCENTED VARIABLE

Let us consider for any fixed j = 1, 2, . . . , m, p = 1, 2, . . . , n equation (16) and problem with

boundary conditions

ℓ2,s,ry := D2s−2
r y|xr=0 + D2s−2

r y|xr=Xr
= 0, r 6= j, s = 1, 2, . . . , n, r = 1, 2, . . . , m, (47)

ℓ2,n+s,ry := D2s−1
r y|xr=0 + D2s−1

r y|xr=Xr
= 0, j 6= r, s = 1, 2, . . . , n, r = 1, 2, . . . , m, (48)

ℓ2,n+p,jy := D
2p−1
j y|xj=0 + D

2p−1
j y|xj=Xj

+
1

∑
r=0

mp,j

∑
q=0

bq,r,p,j D
q
j y
∣

∣

∣

xj=rXj

= 0. (49)

Let L2,p,j be the operator of the problem (16), (47) – (49), L2,p,jy := L (D) y, y ∈ D
(

L2,p,j

)

,

D (L2) :=
{

y ∈ W2n
2 (G) : ℓ2,s,jy = 0, s = 1, 2, . . . , 2n, j = 1, 2, . . . , m

}

. Let V(L2) be the system

of root functions of L2.

Consider for any fixed k(j) ∈ N
m−1 solutions of the spectral problem for operator L2 in a

form of product (22). To define unknown function z(xj) we obtain the following problem

∑
|β|≤n

(−1)βj aβ

m

∏
s=1,s 6=j

µ
βs

k,sz
(2βj)

(

xj

)

= λz
(

xj

)

, λ ∈ C, (50)

ℓ2,s,jz := z(2s−2) |xj=0 +z(2s−2) |xj=Xj
= 0, s = 1, 2, . . . , n, (51)

ℓ2,n+s,rz := z(2s−1)
∣

∣

∣

xj=0
+ z(2s−1)

∣

∣

∣

xj= Xj

= 0, s 6= p, s = 1, 2, . . . , n, (52)

ℓ2,n+p,jz := z(2p−1)
∣

∣

∣

xj=0
+ z(2p−1)

∣

∣

∣

xj=Xj

+
1

∑
r=0

mp,j

∑
q=0

bq,r,p,j z(q)
∣

∣

∣

xj=rXj

= 0. (53)
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Let L2,k(j) be an operator of the problem (50) – (53). Therefore,

L2,k(j)z := ∑
|β|≤n

(−1)βj aβ

m

∏
s=1,s 6=j

µ
βs

k,sz
(2βj)

(

xj

)

, z ∈ D
(

L2,k(j)

)

,

D
(

L2,k(j)

)

:=
{

y ∈ W2n
2

(

0, Xj

)

: ℓ2,s,jz = 0, s = 1, 2, . . . , 2n
}

.

Lemma 10. Let assumption P1 holds true. Then for any aβ ∈ R, bq,0,p,j ∈ R, |β| ≤ n, q =

0, 1, . . . , mp,j, k (j) ∈ Nm−1 operator L2,k(j) has eigenvalues (5) and a system of root functions

V
(

L2,k(j)

)

, which is total and minimal in the space L2(0, Xj).

If assumtion P2 holds true then the system of functions V(L2,k(j)) is a Riesz basis in the

space L2(0, Xj).

Proof. The isospectrality of operators L0,(k j)
and L2,k(j) can be proved by the same way as in

Theorem 9.

If assumtion P1 holds true, then eigenfunctions of the operator L2,k(j) are following

v1,k j

(

xj, L2,k(j)

)

= 2√
2Xj

cos ρk j
X−1

j xj, kj = 1, 2, . . . . (54)

Root functions v0,k j
(xj, L2,(k j)

) of the operator L2,(k j)
are defined by

v0,k j
(xj, L2,(k j)

) =
2

√

2Xj
sin ρk j

X−1
j xj + η2,p,j,ky1,p,k j

(

xj, λk

)

, kj = 1, 2, . . . . (55)

To define η2,p,j,k we can substitute expression (55) into boundary conditions (51)–(53). If we

consider formulas (32), (33) we obtain

η2,p,j,k = (cp,k j
)−1

ℓ
2
p,jτ2k j−1,j(xj), kj = 1, 2, . . . . (56)

Therefore, operator L2,k(j) has a system of eigenfunction (54) – (56). If we consider formulas

(31), (32) we obtain that the operator L2,(k j)
is a partial case of the operator A2,p,j. Therefore,

from Lemma 7 it follows that the system V(L2,k(j)) is total and minimal in the space L2(0, Xj).

Let assumption P1 holds. Since equations (33), (49) take place, we get
∣

∣η2,p,j,k

∣

∣ ρ
2p−mp,j−1

k,j ≤
C14 < ∞. So from Theorem 9 it follows that the system V

(

L2,k(j)

)

is a Riesz basis in the space

L2(0, Xj).

Let us define root functions of the operator L2,p,j by equalities

vk

(

x, L2,p,j

)

= vk j

(

xj, L2,k(j)

) m

∏
r=1,r 6=j

τr,kr
(xr) , k ∈ N

m. (57)

Using the system V
(

L2,p,j

)

of root functions (57) of the operator L2,p,j we can define an operator

R(L2,p,j) := E + S(L2,p,j), which acts from system of functions V(L0) to the system V(L2,p,j).

The operator R(L2,p,j) can be defined by equation (46). If assumption P1 holds true, then for

any k(j) ∈ N
m−1 there exists a system of functions W(L2,k(j)) = {wk j

(xj, L2,k(j)), kj = 1, 2, . . .},

which is biorthogonal to the system W(L2,k(j)).
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Therefore, we can define elements of the biorthogonal system W
(

L2,p,j

)

in the space L2(G)

to the system V(L2,p,j) by equality

wk

(

x, L2,p,j

)

= wk j

(

xj, L2,k(j)

) m

∏
r=1,r 6=j

τr,kr
(xr) , k ∈ N

m.

So the system of functions V(L2,p,j) is total and minimal in the space L2(G).

If assumptions P1–P3 take place then system of functions V(L2,p,j) is Bessel in the space

L2 (G) , since the transformation operator R(L2,p,j) is continuous with action L2(G) → L2(G).

A converse operator is also bounded. Therefore the system of functions V(L2,p,j) is a Riesz

basis of the space L2(G). So we prove following theorem.

Theorem 5. Let assumptions P1–P2 take place. Then for any fixed aβ ∈ R, bq,0,p,j ∈ R, |β| ≤
n operator L2,p,j has eigenvalues (5) a system of root functions V(L2,p,j), which is total and

minimal in the space L2(G).

2. If assumptions P1–P3 take place, then system of functions V(L2,p,j) is Riesz basis in the

space L2(G).

Consider boundary problem

L (D) y := ∑
|β|≤n

aβD2βy = λy, (58)

ℓ3,s,ry := D2s−2
r y|xr=0 + D2s−2

r y|xr=Xr
= 0, s = 1, 2, . . . , n, r = 1, 2, . . . , m, (59)

ℓ3,n+s,ry := D2s−1
r y|xr=0 + D2s−1

r y|xr=Xr
= 0, s = 1, 2, . . . , n, r 6= j, r = 1, 2, . . . , m, (60)

ℓ3,n+p,jy := D
2p−1
j y|xj=0 + D

2p−1
j y|xj=Xj

+ l2
p,jy = 0, p = 1, 2, . . . , n, (61)

ℓ
1
p,jy :=

1

∑
r=0

mp,j

∑
q=0

bq,r,p,j D
q
j y
∣

∣

∣

xj=rXj

.

Let L3,j be the operator of the problem (58) – (61), V
(

L3,j

)

be a system of root functions of

the operator L3,j. Let L3y := L (D) y, y ∈ D (L3) , D(L3,j) := {y ∈ W2n
2 (G) : ℓ3,s,jy = 0,

s = 1, 2, . . . , 2n, j = 1, 2, . . . , m}. Let us consider for fixed k (j) ∈ Nm−1 solutions of spectral

problem for operator L3 in a form of product (22).

To define an unknown function z(xj) we have the following problem

∑
|β|≤n

aβ

m

∏
s=1,s 6=j

(

ksπX−1
s

)2βs
z(2βj)

(

xj

)

= λz
(

xj

)

, λ ∈ C, (62)

ℓ3,s,jy := z(2s−1)
∣

∣

∣

xj=0
− z(2s−1)

∣

∣

∣

xj=Xj

= 0, s = 1, 2, . . . , n, (63)

ℓ3,n+p,jz := z(2p−1)
∣

∣

∣

xj=0
+ z(2p−1)

∣

∣

∣

xj=Xj

+ ℓ
2
p,jz = 0, p = 1, 2, . . . , n. (64)

Let L3,k(j) be the operator of the problem (62) – (64) and

L3,k(j)z := ∑
|β|≤n

aβ

m

∏
s=1,s 6=j

(ρk,s)
2βs z(2βj)

(

xj

)

, z ∈ D(L3,k(j)),

D
(

L3,k(j)

)

:=
{

y ∈ W2n
2

(

0, Xj

)

: ℓ3,s,jz = 0; s = 1, 2, . . . , 2n
}

.
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Lemma 11. Let assumption P1 holds true. Then for any fixed aβ ∈ R, bq,0,p,j ∈ R, |β| ≤ n,

k (j) ∈ Nm−1 operator L3,k(j) has eigenvalues (5) and the system of root functions V(L3,k(j)),

which is total and minimal in the space L2(0, Xj).

2. If assumption P2 holds true then system of functions V(L3,k(j)) is a Riesz basis in the

space L2(0, Xj).

Proof. The Isospectrality of operators L0,(k j)
and L3,k(j) can be proved in the same way as in

Lemma 4.

If assumption P1 holds true we obtain following eigenfunctions of L3,k(j)

v1,k j

(

xj, L3,k(j)

)

=
2

√

2Xj
cos ρk,jxjX

−1
j , kj = 1, 2, . . . . (65)

Root functions v0,k j
(xj, L3,k(j)) of the operator L3,k(j) we defined by

v0,k j

(

xj, L3,(k j)

)

=
2

√

2Xj
sin ρk,jX

−1
j xj +

n

∑
p=1

η2,p,j,ky1,p,k j

(

xj, λk

)

, kj = 1, 2, . . . , (66)

where numbers η2,p,j,k defined by equation (56). Therefore, operator L3,k(j) has a system of

root functions (65), (66). If we consider formulas (31), (32), it is easy to see that operator

L3,k(j) is a partial case of operator A2,p,j. Therefore from Lemma 7 it follows that the system

V(L3,k(j)) is total and minimal in the space L2(0, Xj) and the biorthogonal system W(L3,k(j)) :=

{wk j
(xj, L3,(k j)

) ∈ L2(0, Xj), kj = 1, 2, . . . } exists.

Let assumption P2 takes place. From (49) we can get
n

∑
p=1

∣

∣c1,p,j,k

∣

∣

2 ≤ C15 < ∞. Then the

system V(L3,k(j)) is normalized and from Lemma 9 it follows that the system V(L3,k(j)) is a

Riesz basis in the space L2(0, Xj).

Let us define root functions of the operator L3,j by equations

vk

(

x, L3,j

)

= vk j

(

xj, L3,k(j)

) m

∏
r=1,r 6=j

τr,kr
(xr) , k ∈ N

m. (67)

Using the system V(L3,j) of root functions (67) we can define an operator R(L3,j) :=
n

∏
p=1

R(L2,p,j)

∈ Γj(L0), S(L3,j) :=
n

∑
p=1

S(L2,p,j), which acts from system of functions V (L0) to the system

V
(

L3,j

)

.

Theorem 6. Let assumption P1 holds. Then for any fixed aβ ∈ R, bq,0,p,j ∈ R, |β| ≤ n the

operator L3,j has eigenvalues (6) and the system of eigenfunctions V(L3,j), which is total and

minimal in the space L2(G).

2. If assumptions P1–P3 hold, then the system of functions V(L3,j) is a Riesz basis in the

space L2(G).

Proof. Let assumption P1 holds. Then according to Lemma 11 for any k(j) ∈ Nm−1 there

exists a system of functions W(L3,k(j)) = {wk j
(xj, L3,k(j)), kj = 1, 2, . . . , } which is biorthogonal
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to the system W(L3,k(j)). Therefore we can define elements of the system W (L3) , which is

biorthogonal in the space L2(G) to the system V(L3), by the following way

wk(x, L3,j) = wk j
(xj, L3,k(j))

m

∏
r=1,r 6=j

τr,kr
(xr) , k ∈ N

m.

So the system of functions V
(

L3,j

)

is total and minimal in the space L2(G). Last part of the

proof can be made analogously to Theorem 5.

9 PROOFS OF THE MAIN THEOREMS

Let us consider spectral problem for p = 1, 2, . . . , n, j = 1, 2, . . . , m

L (D) y := ∑
|β|≤n

aβD2βy = λy, (68)

ℓp,jy := D
2p−2
j y|xj=0 + D

2p−2
j y|xj=Xj

= 0, p = 1, 2, . . . , n, j = 1, 2, . . . , m, (69)

ℓn+p,jy := D
2p−1
j y|xj=0 + D

2p−1
j y|xj=Xj

+
1

∑
r=0

mp,j

∑
q=0

bq,r,p,jD
q
j y|xj=rXj

= 0. (70)

Proof. Proof of Theorem 1.

Let

R (L) :=
m

∏
j=1

Rj (L3) , R (L) := E +
m

∑
j=1

Sj(L3) ∈ Γ (L0) . (71)

Root functions of the operator L of problem (68) – (70) we can define in the form

vk (x, L) =
m

∏
j=1

vk j

(

xj, L3,k(j)

)

, k ∈ N
m,

vk (x, L) = vk (x, L0) +
m

∑
j=1

S(L3,j)vk (x, L0) .

(72)

So V (L) := {vk (x, L) ∈ L2 (G) : vk (x, L) = R (L) vk (x, L0) , k ∈ Nm} is a system of root func-

tions. Since biorthogonal system of functions wk (x, L) =
m

∏
j=1

wk j

(

xj, L3,k(j)

)

, k ∈ N
m, exists,

then we have the proof of the theorem.

If assumptions of Theorem 2 hold true, Theorem 6 takes place too. So R(L3,j) ∈ [L2(G)],

j = 1, 2, . . . , m. If we consider equation (71), we will obtain R(L), R−1(L) ∈ [L2(G)]. Therefore

V(L) is a Riesz basis of the space [L2(G)] by definition.

Remark 5. There exist positive numbers C1(L), C2(L) such that for any function

f (x) =
∞

∑
|k|=0

fkvk (x, L) ∈ L2(G), fk = ( f , wk; L2 (G)) , k ∈ N
m,

holds the following inequality

C16|| f ; L2 (G) ||2
∞

∑
|k|=0

| fk |2 ≤ C17|| f ; L2 (G) ||2. (73)
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Let us consider boundary problem

L (D) y := ∑
|β|≤n

aβD2βy = f , (74)

ℓs,jy := D2s−2
j y |xj=0 +D2s−2

j y |xj=Xj
= 0, j = 1, 2, . . . , m, (75)

ℓs+n,jy := D2s−1
j y |xj=0 +D2s−1

j y |xj=Xj
+

1

∑
r=0

ms

∑
q=0

bq,r,s,jD
q
j y |xj=xj,r

= 0, (76)

f (x) =
∞

∑
|k|=0

∑
r∈Qm

fr,kvr,k(x, L), fr,k = (u, wr,k(x, L; L2(G)), r ∈ Qm, k ∈ N
m. (77)

We will search a solution of the problem in the form of series

u (x) =
∞

∑
|k|=0

∑
r∈Qm

ur,kvr,k(x, L). (78)

We will use the following notations: fr+s,k := ∏
m
j=1 frj+sj,k j

, ξr,k := ∏
m
j=1 ξrj,k j

, ξrj,k j
:=

Dρk,j ∑|β|≤n aβρ
2β
k . If we substitute series (77), (78) into formula (74), we can get

ur,k =
m

∑
j=1

∑
rj+sj≤1

λ
−1−|s|
k fr+s,kξr+s,k, k ∈ N

m, r ∈ Qm,

u (x) =
∞

∑
|k|=0

∑
r∈Qm

m

∑
j=1

∑
rj+sj≤1

λ
−1−|s|
k fr+s,kξr+s,kvk(x, L).

(79)

If we apply Cauchy inequality to (78) we will obtain the inequality |ur,k|2 ≤ C18 ∑q∈Qm
|uq,k|2.

Therefore, using inequality (73) we can get

||u; L2 (G) ||2 ≤ C19 (L) || f ; L2, (G) ||2, C19 = C18C17C−1
16 . (80)

Let us suppose that coefficient of derivative D2n
xm

equals 1 and give a proof for variable xm. Let

us show that D2n
m u (x) ∈ L2 (G). For any fixed k(m) ∈ Nm−1 we consider boundary problem

∑
|β|≤n

(−1)βm aβ

m−1

∏
s=1

µ
βs

k,sy
(2βm) (xm) = f (xm) , (81)

ℓ2,s,my := y(2s−2) |xm=0 +y(2s−2) |xm=Xm= 0, s = 1, 2, . . . , n, (82)

ℓ2,n+s,my := y(2s−1)
∣

∣

∣

xm=0
+ y(2s−1)

∣

∣

∣

xj= Xm

= 0, s 6= p, s = 1, 2, . . . , n, (83)

ℓ2,n+p,my := y(2p−1)
∣

∣

∣

xm=0
+ y(2p−1)

∣

∣

∣

xm=Xm

+ ℓ
1
p,mz = 0, (84)

ℓ
2
p,my :=

1

∑
r=0

mp,m

∑
q=0

bq,r,p,j y(q)
∣

∣

∣

xm=xm,r

. (85)

Let us consider functions y(xm), f (xm) in a form of series which is constructed using system

of root functions of operator L2,k(m),p := L2,k(m):

y =
∞

∑
km=1

1

∑
s=0

ys,km,pvs,km
(x, L2,k(m),p), f =

∞

∑
km=1

1

∑
s=0

fs,km,pvs,km
(x, L2,k(m),p).
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If we substitute this expressions into equation (81) we can obtain y0,km,p = λ−1
k f0,km

, y1,km
=

−λ−2
k ξ0,km

f1,km,p + λ−1
k f1,km,p. Therefore,

y =
∞

∑
km=1

(λ−1
k f0,km,pv0,km

(x, L2,k(m),p) + (−λ−2
k ξ0,km

f1,km ,p + λ−1
k y1,km,p)v1,km

(x, L2,k(m), p)).

Let us consider sequence of numbers γm,k := ρm,kλ−1
k , km = 1, 2, . . . . The sequence γm,k =

ρm,kλ−1
k = 1 − λ−1

k ∑
|β|≤n,βm<n

aβ

m

∏
s=1

(ρm,s)
2βs → 1, km → ∞ is convergent.

Therefore 0 < C21 ≤ γm,k ≤ C20 < ∞.

Consider the system of functions

Vm,k,p := {vr,km,p(x) ∈ L2(0, Xm) : vr,km,p(x) := γm,kvr,km
(x, L2,k(m),p), km = 1, 2, . . . }.

If assumption of Lemma 10 holds, from the last inequality it follows that the system Vm,k,p is a

Riesz basis in the space L2(0, Xm).

Let V1,m,k,p := {v1,r,km,p(x) ∈ L2(0, Xm) : v1,r,km,p(x) := λ−1
k D2n

m vr,km
(x, L2,k(m),p), r =

0, 1, km = 1, 2, . . . }.

Since operator D2n
m commutate with the involution Im, then analogously to Lemma 4 we

can prove that the system V1,m,k,p is total and minimal in the space L2(0, Xm).

Let v2,r,km,p(x) := v1,r,km,p(x)− v0,r,km,p(x), r = 0, 1, km = 1, 2, . . . . From formulas (28) – (30)

it follows v2,0,km,p(x) = ϑ1,km,pρ−1
m,k,pz0,q(xj, kj, λk) +

m

∑
s=2

ϑs,km,pz0,q(xj, kj, λk), where |ϑs,km,p| ≤

C22 < ∞. Therefore,
∞

∑
km=1

1

∑
r=0

(v2,r,km,p(x); L2(0, Xm))2 < ∞.

So the system Vm,k,p is a Riesz basis in the space L2(0, Xm) and the system V1,m,k,p is total

and minimal in the space L2(0, Xm). Therefore, from Bari’s theorem [6] we obtain: the system

V1,m,k,p is a Riesz basis in L2(0, Xm) and therefore, the operator R(V1,m,k,p) : V(L0,km
→ V1,m,k is

bounded. The product of this operators is also continuous in the space L2(0, Xm).

So for any fixed k(m) ∈ N
m−1 inequality

∞

∑
km=1

1

∑
r=0

(D2n
m u, vr,k(x, L); L2(G))2 ≤ C23

∞

∑
km=1

1

∑
r=0

( f , vr,k(x, L); L2(G))2

takes place. If we summarize by k(m) ∈ Nm−1, we will get

D2n
xm
|u; L2(G)|2 ≤ C23| f ; L2(G)|2.

The assumption made in the inequality proof is insignificant since if assumption P3 holds co-

efficients of the hiest degree derivatives is nonequal to zero and has the same sign.

Analogously we can prove that D2n
j u(x) ∈ L2(G), j = 1, 2, . . . , m − 1 for any other vari-

ables. So using the definition of norm in the space L2(G), we obtain the proof of the Theo-

rem 3.
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Баранецький Я.О., Iвасюк I.Я., Каленюк П.I., Соломко А.В. Нелокальна крайова задача зi збурення-

ми умов антиперiодичностi для елiптичного рiвняння з постiйними коефiцiєнтами // Карпатськi

матем. публ. — 2018. — Т.10, №2. — C. 215–234.

У роботi в обмеженому m-вимiрному паралелепiпедi методом Фур’є дослiджується зада-

ча з нелокальними крайовими умовами, якi є збуреннями умов антиперiодичностi. Вивчено

властивостi оператора перетворення R : L2(G) → L2(G), який встановлює зв’язок мiж са-

моспряженим оператором L0 задачi з умовами антиперiодичностi та оператором L збуреної

нелокальної задачi RL0 = LR.

Також побудовано комутативну групу операторiв перетворення Γ(L0). Встановлено, що

кожному операторовi перетворення R ∈ Γ(L0) : L2(G) → L2(G) вiдповiдає деяка абстрактна

нелокальна задача i навпаки. Побудовано систему V(L) кореневих функцiй оператора L, яка

мiстить нескiнченне число приєднаних функцiй. Визначено умови, при яких система V(L) пов-

на та мiнiмальна в просторi L2(G), та умови, при яких вона є базою Рiса у просторi L2(G).

У випадку, якщо система V(L) є базою Рiса в просторi L2(G), встановлено достатнi умови,

при яких нелокальна задача має єдиний розв’язок у виглядi ряду Фур’є за системою V(L).

Ключовi слова i фрази: диференцiально-операторне рiвняння, власнi функцiї, база Рiса.


